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ABSTRACT 

     This study proposes a fast computation technique to solve robust optimal control based on two 

techniques: Robust Dynamic Programming [1] and Differential Dynamic Programming [2] to design a 

low-thrust robust optimal trajectory considering uncertainty to minimize the worst-case objective function.  

In recent years, low-thrust propulsion systems have been increasingly used in the interplanetary 

missions, because these systems have high specific impulse and can achieve large delta-V to travel far 

from the Earth. Due to this background, various low-thrust trajectory design methods have been 

developed [3]. These methods assume that the spacecraft is perfectly guided to the predesigned trajectory 

as planned; however, the assumption is violated in realistic operation because of various uncertainties 

including missed-thrust [4] (i.e. contingent coasting period due to temporary operational troubles). 

Because the low-thrust propulsion systems require long-time operation to achieve a certain delta-V in 

exchange for high specific impulse and the spacecraft always have the risk to enter the safe mode that the 

propulsion system is not operated, the occurrence of missed-thrust, or uncertainty, caused by operational 

anomaly is inevitable. Therefore, the low-thrust trajectory for actual mission must improve robustness 

against the uncertainties. 

To improve robustness of low-thrust trajectory, we conventionally impose forced coast period [4], 

where we force coast periods during long thrusting periods (e.g. 4 days every 6 months), and duty cycle 

[4] on the trajectory, where the duty cycle is defined to be the rate of time available for low-thrust 

propulsion system thrusting at the maximum achievable throttle level in planned thrusting period. The 

experienced specialists have empirically determined the forced coast period and the duty cycle on a 

regular basis all along the trajectory; however this empirical method does not give robust optimal solution. 

Robust optimal solution is the optimal solution within the solutions that have certain robustness, and it is 

obtained by minimizing the worst-case objective function. In other words, the conventional solution is 

unnecessarily too conservative and it has room 

for improving the optimality, shown in Fig.1. 

Most of the previous works to design 

robust low-thrust trajectory considering 

uncertainty (especially missed-thrust) have 

been based on sampling methods (i.e. Monte-

Carlo method)[4][5]; however it is not only a 

large burden on the computation because of 

large number of samples but also difficult to 

treat infeasible solutions in optimization. To 

overcome this difficulty, Olympio[6] has 

suggest the sophisticated method by two-stage 

stochastic programming with indirect method; 

however this method is only focused on one 

temporary engine failure (because of two-

stage) that is not proved as the worst case. 

Therefore, we need to invent an innovative 

Fig. 1 Comparison of robust optimal solution and conventional 

solution with respect to robustness and optimality 
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multi-stage robust optimization method to attack the low-thrust trajectory design considering uncertainty. 

Multi-stage robust optimization problem can be achieved by Robust Dynamic Programming (RDP)[1], 

which has recently received substantial attentions in the field of Model Predictive Control (MPC) as 

Robust Model Predictive Control (RMPC)[1]. MPC has been historically developed for on-board 

feedback controller that is effective for linear dynamic system; however there are difficulties to apply 

MPC or RMPC to the low-thrust problem, because the low-thrust trajectory optimization is a highly 

nonlinear problem and is usually computed off-line. Instead of MPC, this study proposes a new algorithm 

to solve RDP based on Differential Dynamic Programming (DDP)[2]. 

DDP has recently been re-developed for low-thrust problem. To apply dynamic programming to 

continuous state system numerically, we notice that it has inherent difficulty called “curse of 

dimensionality” since the dimension of the state variables becomes incredibly large. To overcome this 

fundamental difficulty, DDP was created based on expanding the Principle of Optimality by second order 

around the reference trajectory. The classical DDP was only effective for smooth unconstrained problems; 

on the other hands low-thrust problems fundamentally have constrained bang-bang structure (i,e, DDP 

may converge slowly or may not converge at all for the low-thrust problems). Recent works for DDP[2] 

have been improving the applicability to the low-thrust problem by incorporating well-developed 

Nonlinear Programming (NLP) techniques to DDP. The advantages of DDP-based low-thrust 

optimization methods against conventional trajectory design methods are: 

(1) Robustness to poor initial guess like conventionally dominated direct collocation methods. 

(2) Good applicability to large-scale problems such as multi-revolution transfer, because the 

computational effort per iteration of DDP increases only linearly with the number of stages, 

whereas that of the common NLP-based methods increases exponentially. 

(3) Optimal linear feedback control law around reference trajectory can be retrieved. 

A proposed Robust Differential Dynamics Programming (RDDP) has the following advantages. 

(1) Robust Optimal Controller: The conventional design method manually adds the robustness to the 

controller by non-optimal and empirical strategy; on the other hand, RDDP provides a robust-

optimal controller, which is one of Pareto optimal solution of optimality and robustness. 

(2) Fast Computation: The conventional design method provides open-loop controller; on the other 

hand, DDP and RDDP provide both open-loop controller and closed-loop controller around 

reference trajectory. Therefore, the unnecessity of the trajectory redesign process gives fast re-

computation. 

This paper presents the theoretical derivation of a proposed RDDP and shows the numerical examples of 

interplanetary mission considering missed-thrust and thrust error. 
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