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Fault tolerance of spacecraft actuators significantly a�ects satellite reliability for mission success. One possible solution to
enhance the fault tolerance against actuator failures is the use of underactuated control, because underactuated controller can control
satellites with less number of inputs than the number of state variables. However, when some actuators have failed, the remained
actuators are not necessarily able to generate control torques and/or translational forces along ideal directions. In other words, the
directions of the control inputs are restricted. To overcome this di�culty for applying underactuated control, this study derives
optimal fault-tolerant configurations of thrusters that maximize the controllability of the underactuated satellite. This study uses
dual quaternions to express a thruster configuration, i.e., thruster position and attitude with respect to a body-fixed frame. The dual
quaternion representation simplifies rotational torques and translational forces generated by the thrusters. Then a cost function in terms
of the dual-quaternions is defined as the sum of the generated control forces and torques with respect to the body-fixed frame. The
optimal configuration is derived by a method motivated by Thomson’s problem. A numerical example shows the e�ectiveness of the
proposed formulation and optimization method.
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1. Introduction

Fault tolerance of spacecraft actuators significantly a�ects
satellite reliability for mission success. Enhancement of the
fault tolerance against actuator failures can be realized by
underactuated control, because underactuated control enables
driving satellite states to desired states with less number of in-
puts than the number of state variables. Thus underactuated
control for satellites has been intensively studied and many con-
trol techniques also have been proposed.1–3)

However, one of the di�culties to use underactuated control
is restricted input directions when some actuators have failed.
In practical situation of actuator malfunctions, the remained
actuators are not necessarily able to generate control torques
and/or translational forces along ideal directions such as the di-
rections along the principal axes of inertia. Such restriction on
the input directions makes it harder for the underactuated con-
trol to be applicable. In other words, underactuated control can
enhance the fault tolerance of the satellite when the control-
lability considering the underactuation of the satellite is satis-
fied even after some actuators have failed. In this context, this
study derives optimal fault-tolerant configurations of thrusters
that maximize the controllability of the underactuated satellite.

One thruster generates translational forces and coupled
torques in one direction due to thruster mechanisms. Although
a satellite position and attitude can be simultaneously controlled
with thrusters, the restricted input direction complicates the
proof of the controllability of the system, because controllabil-
ity theorems with unidirectional inputs have not been proposed.
The derivation of the controllability conditions is out of scope
of this study, and this study assumes the controllability con-
dition to generate translational forces and rotational torques in
any directions.

This study expresses a thruster configuration, i.e., thruster
position and attitude with respect to a body-fixed frame, using
dual quaternions. The dual quaternion representation can sim-

plify rotational torques and translational forces generated by the
thrusters. Then a cost function in terms of the dual quaternions
is defined as the sum of the generated control forces and torques
with respect to the body-fixed frame. The optimal thruster con-
figuration is derived using a solution to Thomsons problem as
used in Ref. 4). In the optimization method, considering the ge-
ometric position and attitude of the thrusters as point charges,
the arbitrary number of thrusters can be configured in an equal
distance, which maximizes available control forces and torques
in all directions. That is, the controllability of the position and
attitude of the satellite under a few actuator failures is also max-
imized. A numerical example shows the e�ectiveness of the
proposed formulation optimization method.

2. Problem Formulation

This paper considers controllability of a satellite position
and attitude. The satellite position in this study means a free-
floating state, and orbital motion is not considered. The equa-
tions of motion of the free-floating satellite is expressed with an
a�ne system as:

ẋ = f (x) + g(x)u (1)
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The satellite position are expressed with x; y, and z. The attitude
angle is formulated with quaternion q =

h
q0 q1 q2 q3

iT

and the angular velocity is ! =
h

!x !y !z

iT
. The quater-

nions in this study define q0 as a scalar part and the others as a
vector part. The matrix I represents the moment of inertia of
the satellite and Rb=i means a directional cosine matrix from an
inertial frame to the body-fixed frame. In Eq. (3), [!̃] is defined
as follows.
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Assuming that N thrusters are fixed with the satellite
body and they generate translational forces in one direc-
tions, the translational forces

h
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i
and torquesh
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i
with respect to the body-fixed frame are writ-

ten as
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Each thruster position and orientation (attitude) are represented
with position vectors ri and thrust directional vectors di (i =

1; : : : ; N), respectively. Note that the thrust magnitudes should
be positive i.e., fi � 0 (i = 1; : : : ; N), due to thruster mecha-
nisms.

2.1. Controllability
Although controllability of a�ne systems with unidirectional

inputs is shown by Goodwine,5) this theorem requires that the
system can generate control forces/torques in any directions.
That is, underactuated control cannot be explicitly considered.
Pena et al.6) also show thruster configuration conditions that can
generate control forces and torques in all directions. In these
studies, the controllability of a satellite position and attitude is
assumed that thrusters can generate translational forces and ro-
tational torques in any directions.

Matsuno et al.7) show geometric conditions of thrusters for
position and attitude control of a satellite. In Ref. 7), it is shown

-coordinates

-coordinates

Fig. 1. Screw motion.

that three thrusters can control position and attitude of a free-
floating satellite. The controllability with the three thruster con-
figuration has not been proved, but verified by deriving a control
method using three thrusters. It is noted that such three-thruster
configuration can control the satellite position and attitude, even
though the thruster configuration does not satisfy the Goodwine
theorem.
2.2. Dual Quaternions

Thruster configurations can be defined as position and atti-
tude of thrusters with respect to the satellite body-fixed frame.
In this study, the position and attitude of each thruster is repre-
sented with dual quaternions to simplify the formulation.

A dual quaternion qt=b is defined as

qt=b = qt=b;r + �qt=b;d (9)

where qt=b;r and qt=b;d are quaternions called a real part and dual
part, respectively. This study deals with quaternions as a vector
in four dimensions, which are described as nonbold variables.
Their subscripts indicate the quaternions written in thruster-
fixed coordinates (t-coordinates) with respect to the satellite
body-fixed coordinates (b-coordinates). Dual quaternions sat-
isfy the relations qT

t=b;rqt=b;r = 1 and qT
t=b;rqt=b;d = 0, and � is dual

number, which satisfies �2 = 0.
A dual quaternion is expressed with

qt=b =
h

l̂ sin �̂
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2

i
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where �̂ and l̂ are a dual angle and a dual vector, respectively.
These variables define a screw motion as shown in Fig. 1, and
they are formulated as follows.

�̂ = � + �n (11)
l̂ = l + � p � l (12)

2.3. Thruster configuration with dual quaternions
The i-th thruster’s position and attitude can be expressed with

a dual quaternion using the position vector of the thruster ri as

qt=b;i = qt=b;i +
1
2

�ri � qt=b;i (13)

where ri = [0; rT
i ]T and qt=b;i is the quaternion that represents

the i-th thruster attitude with respect to the body-fixed frame,
and the position vector of the thruster is also written with re-
spect to the body-fixed frame. The multiplication of two quater-
nions, p and q, is defined as

p � q =

"
p0q0 � p̄T q̄

q0 p̄ + p0 q̄ + p̄ � q̄

#
(14)

In Eq. (14), �̄ indicates the vector part of a quaternion.
As shown in Eq. (13), the real part of the dual quaternion

shows attitude of the thruster, whereas the dual part includes



both the position vector and attitude quaternion. This means
that the real part can represent translational force direction and
the dual part can express torque direction, because the trans-
lational force directions of thrusters depend on their position
vectors with respect to the satellite body, whereas torque direc-
tions depend both position and thruster orientation. Thus, the
dual quaternion can simply represent the translational force di-
rections and torques.

3. Optimal Thruster Configurations

A thruster configuration is optimized in terms of position and
attitude controllability of a satellite. In this study, the controlla-
bility that requires translational forces and rotational torques in
any directions is considered. It should be noted that this control-
lability is obtained by applying Goodwine’s theorem5) to posi-
tion and attitude control of a satellite with thrusters shown in
Eq. (1).

The dual part of the i-th thruster is written as

1
2

ri � qt=b;i =
1
2
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The vector part in Eq. (15) can represent a torque direction if
q0 = 0 and q̄ is translational force direction. Such definition
is realized when the thrust direction coincides with the Euler
axis and the rotation angle of the quaternion becomes 180 deg.
This definition indicates that a thruster orientation is defined
so that the Euler axis lies at the thrust direction, and this can
be realized because the thruster direction has two degrees of
freedom, that is, an elevation angle and an azimuth angle of the
thrust direction.

3.1. Optimization
As stated above, the controllability condition that can gener-

ate translational forces and torques in any directions is consid-
ered, and the cost function to be minimized is defined as

J =
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where i , j means all possible combinations of N thrusters.
The first term of the right-hand side means the maximization of
the force vectors, and the second term indicates the maximiza-
tion of the torque vectors. Furthermore, this cost function geo-
metrically indicates that all combinations of the vector parts of
the quaternions should be orthogonal, which minimize the cost
function J. This study solves this problem as Thomson’s prob-
lem,8) which is the problem to find particle positions equally
distributed on a unit sphere. For the optimization of the cost
function J, considering the vector parts of the quaternions lead
the same formulation as Thomson’s problem.

The cost function J is further written as follows.
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The second term of the right-hand side in Eq. (17) is trans-
formed as
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The cost function J is minimized by finding optimal combina-
tions of qi;r and q j;r as shown in Eq. (17). Furthermore such
optimal combinations of the quaternions indicate that the cross
products among them are maximized. Thus the cross products
in Eq. (19) are maximized, and the optimal thruster configura-
tion can be found by minimizing the inner products among the
position vectors ri and the quaternions.

As stated above, this study uses a solution to solve Thom-
son’s problem for the optimization of the thruster configura-
tions. One of techniques for Thomson’s problem is an energy
potential method of point charges, and this method is also used
to optimize configurations of control moment gyros.4) This pa-
per thus uses a similar method shown in Ref. 4) to derive the
optimal thruster configurations.

The energy potential method considers endpoints of thrust
position vectors and vector parts of the quaternions as point
charges on a unit sphere. They are interacted one another and
moved on the sphere, resulting in equally distributed positions
on the sphere surface. In this study, the following potential en-
ergy of point charges is used.

� (ri) =
1

jrij
(20)

This potential energy represents coulomb potential for the in-
teraction, and the following force acts between the i-th and the
j-th charges.

fi j = AiA j
ri j

jri jj2
(21)

where ri j = ri � r j, and Ai and A j are the magnitudes of the
charges. Furthermore, the force is projected to confine the par-
ticles on the surface and virtual damping e�ect is added as:

Fi j = �
�
fi j � ri

�
� ri � ci ṙi (22)

where ci is a damping coe�cient.
The optimization of N-thruster configuration is calculated as

follows:

1. N point charges that describe the thruster attitude are ran-
domly distributed on a unit sphere.

2. The interacting forces shown in Eq. (22) are used to move
the point charges on the sphere.

3. The position of the point charges are normalized to confine
the charges to the surface on the sphere.

4. The preceding steps are repeated until position changes be-
come su�ciently small.






