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man : maneuver parameter
rec : reconfiguration parameter
sep : nominal separation parameter
N : cross-track direction
R : radial direction
T : along-track direction

1. Introduction

Spacecraft formation flying has become an area of great in-
terest to the scientific community in recent years following the
success of missions such as GRACE (NASA),1) TanDEM-X
(DLR),2) MMS (NASA)3) and others. These missions have
demonstrated capabilities in earth and space science that would
be di�cult or impossible to achieve using a single monolithic
spacecraft. Additionally, use of a spacecraft formation adds
a degree of fault tolerance to mission designs. Specifically, a
spacecraft formation may be able to compensate for the fail-
ure of a single spacecraft by distributing the workload among
the remaining vehicles. In contrast, a major malfunction on
a monolithic spacecraft would almost certainly result in mis-
sion failure. At present, the guidance, navigation, and con-
trol (GN&C) problem for binary spacecraft formations is well-
studied in literature.4–12)

The success of these missions has also prompted interest
in formations consisting of a large number of small, low-cost
spacecraft. These so-called spacecraft swarms could enable
new missions that require massively distributed sensing capa-
bilities such as distributed antennas or sparse aperture arrays.
Additionally, spacecraft swarms could perform in-space assem-
bly of large structures. In order to be cost-e↵ective as compared
to a monolithic spacecraft or a smaller formation, the spacecraft
in a swarm must be both smaller and cheaper. As a result, the
spacecraft will have limited sensing, actuation, and computa-
tion capabilites. Also, ensuring collision avoidance is especially
challenging for swarms due to the large number of spacecraft.
To date, most GN&C studies for multi-agent systems have been
conducted in the context of robotic applications.13–17) These
studies make one or more of three assumptions that limit their
applicability to spacecraft swarms: 1) a simple dynamic model,
2) high control authority, or 3) ample computational resources.
At present, there is little literature on multi-agent systems that
addresses both the complex dynamics of the space environment
and the computation, sensing, and actuation limitations of small
spacecraft.18–24) Of these studies, the Silicon Wafer Integrated
Femtosatellites (SWIFT) project from the Jet Propulsion Lab-
oratory20) is one of the most promising. This proposal calls
for hundreds to thousands of 100 gram spacecraft that are dis-
tributed along a set of concentric passive relative orbits that sat-
isfy a set of nonlinear J2 energy matching conditions to achieve
bounded relative motion and collision avoidance.22) However,
this design is still subject to significant limitations. First, fre-
quent maneuvers are required to counteract the e↵ects of dif-
ferential drag. Second, the proposed guidance and control al-
gorithms call for computationally expensive techniques such as
distributed auction algorithms and sequential convex program-
ming.21, 23, 24) Finally, the control algorithms call for full 6-DoF
control of all spacecraft in the swarm, requiring costly actuators

that are not readily available for small spacecraft.
With these limitations in mind, this paper presents a new

guidance and control methodology for spacecraft swarms based
on relative orbital elements (ROE). This methodology general-
izes techniques used to design and control binary formations to
accommodate a large number of spacecraft. These techniques
have extensive flight heritage on missions including GRACE,25)

TanDEM-X,26) PRISMA,27) and others. Within this context,
this paper makes five contributions to the state-of-the-art. First,
it is demonstrated that a su�cient condition to ensure pas-
sively bounded relative motion in J2-perturbed near-circular or-
bits is that all spacecraft in the swarm have the same semima-
jor axis and inclination. This requirement is formulated as a
pair of linear constraints in the ROE state space as opposed
to the complex nonlinear J2 energy matching conditions de-
rived by Morgan for a relative state based on Cartesian posi-
tion and velocity.22) Second, two swarm formations are iden-
tified that simultaneously satisfy these constraints and ensure
a passive minimum separation between all spacecraft in either
the orbit plane or the plane perpendicular to the flight direc-
tion. The latter formation e↵ectively generalizes D’Amico’s
eccentricity/inclination (e/i) vector separation concept6) to an
arbitrary number of spacecraft. Additionally, this formation en-
sures passive collision avoidance for periods of days or longer
subject to both J2 and di↵erential drag. Third, a set of analytical
constraints is derived for each of these swarm formations that
ensures collision avoidance including uncertainty. The com-
putational cost of verifying that these constraints are satisfied
varies linearly with the number of spacecraft instead of quadrat-
ically as previously suggested in literature.22) Fourth, nonlin-
ear state space control laws are derived that counteract the ef-
fects of di↵erential drag to ensure long-term collision avoidance
and bounded relative motion using an approach inspired by re-
cently derived closed-form minimum-cost impulsive maneuver
sequences.28, 29) In particular, e�cient control of the in-plane
ROE is achieved using actuation in only the (anti-)flight direc-
tion, which can be realized using either low-thrust or di↵erential
drag control. For the swarm formation using e/i vector separa-
tion, these control laws are employed in a hybrid passive/active
architecture which periodically allows the swarm to freely drift
and only commands maneuvers when necessary to ensure col-
lision avoidance or prevent the inter-spacecraft separation from
exceeding user-defined limits. Finally, the formation designs
and control architectures are validated through simulations us-
ing a high-fidelity orbit propagator including all relevant per-
turbations in low earth orbit (LEO). These simulations demon-
strate that the proposed swarm designs are able to allow at least
tens of spacecraft to safely operate in close proximity at mini-
mal actuation and computation cost.

After this introduction, the required conditions to ensure pas-
sively bounded relative motion and collision avoidance for a
binary spacecraft formation in LEO are reviewed in Sec. 2. In
Sec. 3, these techniques are generalized to spacecraft swarms.
Su�cient constraints to ensure passive collision avoidance be-
tween all spacecraft including uncertainty at low computational
cost are also derived. Control laws that counteract the e↵ects of
di↵erential drag are developed in Sec. 4 for both low-thrust and
di↵erential drag control. Additionally, a hybrid passive/active



architecture is proposed that allows the swarm to freely drift
when the minimum separation perpendicular to the flight direc-
tion between any two spacecraft is above a specified threshold.
The simulated mission scenario used to validate the formation
designs and control laws is presented in Sec. 5 and the results
of the simulations are described in Sec. 6.

2. Background: Review of Binary Formation Design

The primary objective of this paper is to generalize the ROE-
based techniques used to design and control binary formations
to accommodate a large number of spacecraft. The ROE are
a slowly-varying state whose components are defined as ex-
plicit functions of the Keplerian orbit elements. ROE-based
state definitions o↵er numerous advantages over states defined
from the relative position and velocity of the spacecraft includ-
ing 1) simple and accurate dynamics models including multi-
ple perturbations in arbitrarily eccentric orbits,30, 31) 2) closed-
form fuel-optimal impulsive reconfiguration schemes,28, 29) and
3) analytical guarantees of long-term collision avoidance.6) In
particular, this paper adopts the quasi-nonsingular ROE defined
by D’Amico,5) which are given by
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where a, e, i, ⌦, !, and M are the Keplerian orbit elements.
The orbit elements of the chief spacecraft are denoted by the
subscript c and those of the deputy are denoted by the subscript
d.

Spacecraft formations are generally designed to satisfy two
key constraints: 1) the passive relative motion should be
bounded, and 2) the spacecraft must not collide. A set of con-
straints on the ROE that satisfies both of these constraints is
presented in the following.
2.1. Bounded Relative Motion

A key advantage of the ROE state is that the e↵ects of per-
turbations manifest as secular and long-period e↵ects in a sub-
set of the state components. This property has enabled deriva-
tion of accurate linear dynamics models that include the e↵ects
of multiple perturbations.30–32) These models include only the
long-period and secular e↵ects of the perturbations and neglect
short-period oscillations to propagate a mean ROE state. For
spacecraft formations in LEO, the dominant perturbations are
J2 and di↵erential atmospheric drag. The e↵ects of these per-
turbations on formations in near-circular orbits are captured in
a state transition matrix (STM) developed by Koenig,31) which
is briefly described in the following. Using an STM, the state at
an arbitrary time is related to the state at time t by

�↵(t + ⌧) = �(↵c(t), ⌧)�↵(t) (2)

where the STM � is given as an explicit function of the abso-
lute orbit of the chief ↵c at time t and the propagation time ⌧.
An STM that includes the secular e↵ects of J2 on the ROE in
near-circular orbits is obtained by neglecting all terms that are
proportional to the eccentricity in the Koenig STM. The result
is given by

�J2 (↵c(t), ⌧) =
2
66666666666666666666664

1 0 0 0 0 0
�J2

21 1 0 0 �J2
25 0

0 0 cos(!̇c⌧) � sin(!̇c⌧) 0 0
0 0 sin(!̇c⌧) cos(!̇c⌧) 0 0
0 0 0 0 1 0
�J2

61 0 0 0 �J2
65 1

3
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(3)

where the following substitutions are used for clarity
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q
1 � e2

c c =
3
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E
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a7/2
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c
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�J2
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�J2
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7
2
c sin(2ic)⌧ �J2

65 = 2c sin2(ic)⌧

(4)

and nc is the mean motion of the chief. It is clear that J2 pro-
duces three modes of relative motion in ROE space: 1) a con-
stant drift of �� (see 2nd row of STM), 2) a constant drift of
�iy (see 6th row of STM), and 3) a rotation of the relative ec-
centricity vector (see center terms of STM). Since the rotation
of �e is bounded, the necessary and su�cient conditions to en-
sure bounded relative motion are that the drift rates of �� and
�iy must be zero. For inclined orbits, these conditions are met
when �a = 0 and �ix = 0. For near-equatorial orbits, the con-
straint on �ix can be relaxed because�J2

25 and�J2
65 are both small.

The most significant consequence of these constraints is that all
relative orbits with passively bounded relative motion under the
e↵ects of J2 exist in the four dimensional space spanned by ��,
�ex, �ey, and �iy. Additionally, these linear constraints are much
simpler than the nonlinear J2 energy matching conditions devel-
oped by Morgan for a relative state based on Cartesian position
and velocity.22)

Next, consider the di↵erential drag perturbation. The e↵ects
of di↵erential drag are included in the STM by augmenting the
ROE with the drift rates of the relative semimajor axis and rela-
tive eccentricity vector due to di↵erential drag, which can be es-
timated in flight. Using this approach, the evolution of the state
including the J2 and di↵erential drag perturbations is given by
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1
CCCCCCA (t) (5)

where �ȧdrag and �ėdrag are the time derivatives of the ROE due



to di↵erential drag. The STM is given by

�J2+drag(↵c(t), ⌧) =
2
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(6)

and the terms �J2+drag
27 and �J2+drag

67 are given by

�
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�
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4
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(7)

Even without explicit formulations of the time derivatives, this
STM provides insight into the e↵ects of di↵erential drag that
can be used to inform the formation design. First, the terms of
the STM that govern the e↵ects of di↵erential drag are linear or
quadratic in all of the in-plane ROE (�a, ��, and �e). It follows
that periodic maneuvers will be required to bound the in-plane
ROE unless di↵erential drag is negligible. Additionally, it is
known that the mean motion is on the order of 10�3 and c

is on the order of 10�7 for spacecraft in LEO. It follows that
the quadratic coupling between di↵erential drag and Keplerian
relative motion can produce large changes in �� on the time
scale of days even when �ȧdrag is small. On the other hand, the
terms defining the quadratic coupling between di↵erential drag
and J2 are small and can reasonably be neglected in the control
design. This hypothesis will be validated by the simulation
results presented in Sec. 6.
2.2. Collision Avoidance

It is now necessary to identify constraints on the ROE to en-
sure that the spacecraft do not collide. For near-circular orbits,
the ROE are equivalent to the invariants of the Hill-Clohessey-
Wiltshire equations to first order.33) The relationship between
the ROE and the relative position �r and relative velocity �v is
given by
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nc cos(uc) nc sin(uc)

#  
�ix
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(8)

where uc = Mc + !c is the mean argument of latitude and the
subscripts R, T , and N denote components in the radial, along-
track, and cross-track directions, respectively. The radial direc-
tion is aligned with the vector from the center of the earth to the
chief spacecraft, the cross-track direction is aligned with the an-
gular momentum vector of the chief orbit, and the along-track
direction completes the right-handed triad. It should be noted
that the relationship in Eq. (8) holds and is more accurate for
cylindrical and curvilinear coordinates,34) but this paper uses a
rectilinear relative position and velocity to simplify subsequent
derivations. Collision avoidance is ensured if the relative posi-
tion vector is no smaller than a specified safe minimum value

✏ for all uc. Additionally, it is well known that estimates of ��
are often characterized by large uncertainty due to navigation,
control, and maneuver execution errors as well as the di↵eren-
tial drag perturbation.5) To reduce the impact of this uncertainty
on mission operations, D’Amico developed the e/i vector sepa-
ration concept6) to guarantee a passive minimum separation of
✏ perpendicular to the flight direction. If �a = 0 to prevent the
formation from drifting apart, the necessary and su�cient con-
dition to ensure a minimum separation of ✏ in the RN-plane is
given by

p
2|�e · �i|

(�e2 + �i2 + |�e + �i| · |�e � �i|)1/2 �
✏

ac
(9)

This equation can be reformulated as

|�e · �i| � ✏

ac

r
�e2 + �i2 � ✏

ac
(10)

Under the additional assumption that �ix = 0 to avoid drift due
to J2, this condition can be reduced to

�e2
y �

 a2
c�i2y
✏2 � 1

!�1

�e2
x +

✏2

a2
c

(11)

provided that ac�iy � ✏. This constraint can also be formulated
in polar coordinates as

| cos(✓)|  ✏

ac�iy

s 
1 � ✏2

a2
c�e2

! a2
c�i2y
✏2 � 1

!
(12)

which only has a real solution if ac�e � ✏. The constraints in
Eqs. (11) and (12) define a hyperbolic exclusion zone in ROE
state space as illustrated in Figure 1. In this figure, the diag-
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Fig. 1. Hyperbolic exclusion zone (red) for �e to ensure RN-plane sepa-
ration when �ix = 0.

onal dashed lines are the asymptotes of the hyperbola and the
formation will have a minimum separation in the RN-plane of
at least ✏ if the relative eccentricity vector is outside the red
region. Also, unless the formation is at the critical inclination
(ic ⇡ 63.4o or 116.6o), the relative eccentricity vector will rotate
due to J2. As a result, the minimum separation in the RN-plane
will periodically decrease to zero when the relative eccentricity
vector is horizontal. In order to ensure safe separation between
the spacecraft without requiring maneuvers to counteract the
rotation of �e due to J2, it will be necessary to ensure that the
spacecraft are separated in the RT-plane during these phases.
The relationship between the relative motion in the RT-plane
and the ROE is illustrated in Figure 2. In order to derive colli-
sion avoidance constraints, it is assumed that �a = 0 to ensure
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Fig. 2. Instantaneous relationship between in-plane ROE and relative mo-
tion. The the along-track drift of the ellipse due to nonzero �a is neglected
for simplicity.

that the relative motion ellipse is stationary. Under this assump-
tion, it is evident from Figure 2 that the spacecraft will have a
minimum separation of ✏ if

ac|��| � 2ac�e + ✏ (13)

However, the inter-spacecraft separation may have to be large
to satisfy this constraint. Formations in which the deputy encir-
cles the chief are of greater interest in the swarm design prob-
lem in order to allow operations in close proximity. Since the
deputy traces out an ellipse with a two-by-one aspect ratio in
the RT-plane, the constraint on �� that ensures a safe minimum
separation is given by

ac|��|  f (ac, �e, ✏)

f (ac, �e, ✏) =
(p

3(a2
c�e2 � ✏2) if ✏  ac�e < 2✏

2ac�e � ✏ if ac�e � 2✏

)
(14)

The limiting cases for each of the constraints in Eqs. (13) and
(14) are illustrated in Figure 3. In this figure, the ROE are
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Fig. 3. Limit cases for safe separation in the RT-plane.

shown on the left and the corresponding relative motion in the
RT-plane is shown on the right. The upper plot shows a for-
mation in which the deputy does not encircle the chief and the
middle and lower plots show formations in which the deputy
encircles the chief. In each case, the formation will have a safe
minimum separation if �� is in the green region. It is notewor-
thy that the point of closest approach is not unique in the middle

plot. This is because the magnitude of the relative eccentricity
vector is in the range ✏  ac�e < 2✏. As a result, the radius
of curvature of the narrow end of the relative motion ellipse is
less than ✏. For ac�e � 2✏, the radius of curvature is always
greater than ✏, resulting in a unique point of closest approach at
the limiting value of ��.

Finally, it is necessary to consider the coupling between ef-
fects of di↵erential drag and the collision avoidance constraints.
Since di↵erential drag causes a drift in �e, it is possible that this
perturbation could cause the formation to violate the e/i vector
separation constraint in Eq. (11). However, it is likely that ��
will be su�ciently large to ensure collision avoidance in the RT-
plane long before this becomes an issue. On the other hand, the
constraints in Eq. (14) place an upper bound on |��| that scales
with �e. Because the largest e↵ect of di↵erential drag manifests
in ��, it is evident that formations relying on the constraint in
Eq. (14) will require frequent maneuvers to counteract the ef-
fects of di↵erential drag.

3. Swarm Formation Design

The models reviewed in the previous section for binary for-
mations can now be generalized to spacecraft swarms. In this
paper a swarm is modeled as a mothership with N deputies.
However, the presented guidance and control techniques can
also be applied to a swarm model where the mothership is re-
placed with a virtual reference that is known by all spacecraft
in the swarm. In principle, it is possible to ensure collision-free
relative motion for the entire swarm by verifying that at least
one of the constraints in Eqs. (9), (13), or (14) is satisfied for
every pair of spacecraft. However, the number of constraints
that must be checked using this approach scales quadratically
with the number of spacecraft,22) incurring a significant com-
putational cost when applied to large swarms. To mitigate
this issue, a new method to verify collision avoidance between
all spacecraft in a swarm including uncertainty is presented in
the following. The key advantage of this method is that the
computation cost scales linearly with the number of spacecraft.
As a result, use of this method reduces the computational re-
quirements of the GN&C system, potentially reducing the cost
of each spacecraft or enabling more complex payloads. The
method is applied to two swarm formations that ensure a passive
minimum separation in the RT- and RN-planes, respectively, in
the following.
3.1. Math Model

In order to model spacecraft swarms, it is first necessary to
establish a convention for describing the relative states between
all of the spacecraft. In this paper the relative state of the jth
deputy with respect to the mothership is denoted �↵ j and the
relative state of the kth deputy with respect to the jth deputy is
denoted �↵ jk. Under this convention, the relationship between
the relative states of the deputies is given to first order by

�↵ jk = �↵k � �↵ j �↵ jk = ��↵k j (15)

It is noted that this model is exact when each spacecraft in the
swarm has the same semimajor axis and inclination, as seen
from the definition of the ROE in Eq. (1). This model can be
used to simplify the swarm design problem as demonstrated in
the following. First, recall from the previous section that the



relative motion of two spacecraft in J2-perturbed near-circular
orbits will be passively bounded if �a = 0 and �ix = 0. To
achieve the same property for a swarm, it is necessary that all
�a j, �a jk, �ix, j, and �ix, jk are zero. This condition is only satis-
fied if all spacecraft in the swarm have the same semimajor axis
and inclination. In light of this result, it is hereafter assumed
that the orbits of all spacecraft in the swarm have the same
semimajor axis and inclination and the subscript c is dropped
from these terms to simplify notation. Next, suppose that �↵
satisfies one of the constraints in Eqs. (9) and (14). By inspect-
ing these equations, it can be seen that the constraint will still
be satisfied if �↵ is multiplied by any constant with an abso-
lute value of at least one. The combination of this property and
the linear relationship between the relative states of the deputies
suggests that passively safe swarm formations can be developed
by simply distributing all �↵ j in ROE space in a regular pattern
with some minimum spacing. In such a configuration, separa-
tion between the closest pair of spacecraft implies separation
between all spacecraft in the swarm. This approach is used to
derive swarm formations that satisfy Eqs. (11) and (14) in the
following.
3.2. High-Density Formation Design

The swarm formation design presented in the following seeks
to maximize the number of spacecraft that can be deployed in a
specified volume. To accomplish this, it is first necessary to de-
termine if the number of spacecraft that can safely be deployed
in a specified region scales with the area or volume of the re-
gion. From Eq. (8), the cross-track relative position can be
expressed as a linear function of �i given by

�rN = a sin(uc)�ix � a cos(uc)�iy (16)

Since �ix is zero to avoid drift due to J2, it can be seen that
the cross-track separation will be zero at the extreme latitudes
(uc = 90o or 270o). It follows that the entire swarm will be
coplanar at these locations. As a result, the number of space-
craft that can be deployed in a specified volume must scale with
the area in the RT-plane spanned by the swarm to ensure a safe
minimum separation. With this in mind, consider a swarm for-
mation that is only separated in the RT-plane. One way to dis-
tribute such a swarm is to space the deputies evenly along a
set of non-intersecting relative orbits as proposed by Morgan.22)

From Eq. (8) it is clear that the ellipses traced by two deputies
about the mothership will only be concentric if �a and �� are
both zero. It follows that such a swarm is constructed by simply
distributing the ROE of the deputies in relative eccentricity vec-
tor space. Additionally, if �� is zero, the minimum separation
between a pair of spacecraft separated only in relative eccen-
tricity vector space is a�e. It follows that a su�cient condition
to ensure a minimum separation of ✏ between all spacecraft in
a swarm such that all �� jk are zero is that all �e j are distributed
in a manner that satisfies

a||�e j � �ek ||2 � ✏ 8 j , k (17)

The density of such a formation is maximized by distributing
the relative eccentricity vectors in a grid of equilateral triangles
as illustrated in Figure 4. In this figure, the red circles denote
regions where the minimum separation with respect to at least
one of the spacecraft is less than a�esep. It follows that addi-
tional spacecraft can only be added in the white region without
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Fig. 4. Maximum density �e distribution.

decreasing the minimum separation between any pair of space-
craft. Additionally, a�esep must be at least ✏ to satisfy Eq. (17).
This formation can be constructed by expressing each �e j as

�e j =

 
�esep(Wj cos(✓) + Xj cos(✓ + 60o))
�esep(Wj sin(✓) + Xj sin(✓ + 60o))

!
(18)

where Wj and Xj are integers and ✓ is the same for all space-
craft in the swarm. It is required that Wj and Xj cannot both
be zero to avoid colliding with the mothership. Additionally,
they cannot simultaneously satisfy Wj = Wk and Xj = Xk for
any j , k to provide a unique relative eccentricity vector for
each deputy. The 60o degree separation between the basis vec-
tors in this formula ensures that the deputies are arranged in the
aforementioned grid of equilateral triangles.

In order to allow such a formation to be used in a real mission,
it is necessary to account for uncertainty. With this in mind,
suppose that the relative eccentricity vector of each deputy is
known to be within some 3-� uncertainty margin ��e of its
nominal value defined from Eq. (18). Next, consider the worst-
case separation between two adjacent deputies in �e space. The
minimum separation occurs when each deputy is displaced by
��e towards the adjacent deputy. Thus, the minimum separation
�emin between any two �e j is given by

�emin = �esep � 2��e (19)

Following from Eq. (14), a su�cient condition to ensure that
all spacecraft have a minimum separation of ✏ in the RT-plane
is given by

a|�� jk |  f (a, �emin, ✏) 8 j , k (20)

where f is defined in Eq. (14). Next, suppose that each �� j

satisfies

a|�� j| 
f (a, �emin, ✏)

2
(21)

It follows that all �� jk must satisfy

a|�� jk | = a|��k � �� j|  a|��k |+ a|�� j|  f (a, �emin, ✏) (22)

Thus, constraining each �� j to satisfy Eq. (21) is su�cient to
ensure a minimum separation of ✏ in the RT-plane between all
spacecraft in a swarm with the nominal distribution defined in
Eq. (18) with uncertainty as large as ��e. This constraint only



needs to be checked for the relative state of each deputy with re-
spect to the mothership, so the computational cost of ensuring
collision avoidance scales linearly with the number of space-
craft. Furthermore, this constraint is less strict than the con-
dition proposed by Morgan22) that all relative orbits should be
non-intersecting. An example formation that satisfies Eq. (21)
with intersecting relative orbits is shown in Figure 5. This for-

Fig. 5. Example of passively safe intersecting relative orbits in RT-plane
(top) and ROE space (bottom).

mation is configured such that a�esep is 1.5 km and all a|�� j| are
no larger than 1.35 km, which is su�cient to guarantee a min-
imum separation of 100 m with an uncertainty of 50 m in the
relative eccentricity vector of each deputy. This figure shows
three relative orbits with six deputies each. The centers of the
relative orbits are specified by �� (bottom left plot). It can be
seen that the spacecraft in the smallest and largest relative or-
bits (blue circles and purple triangles) have the same phasing,
as expected since the phase angles of the relative eccentricity
vectors are the same. However, the phasing of the spacecraft
on the middle relative orbit (red diamonds) is o↵set, ensuring
a safe separation at the intersection of the relative orbits. The
reason for this behavior is that separation in relative eccentric-
ity vector space accounts for the di↵erence in both magnitude
and phasing of the relative orbits, allowing passive safety to be
ensured with larger along-track separations.
3.3. Formation Design Using E/I Vector Separation

A significant limitation of the high-density formation design
is that frequent maneuvers will be required to counteract the ef-
fect of di↵erential drag on ��. Considering the limited on-board
resources of small satellites, a formation design that allows the
swarm to passively drift for an extended time period could im-
prove mission performance. Specifically, the spacecraft would
be free to collect measurements, recharge batteries, align the
antenna to communicate with a ground station, or perform any
other operations required by the mission during these passive
drift phases. As described in Sec. 2, the relative eccentric-
ity/inclination vector concept developed by D’Amico ensures a

passive minimum separation in the RN-plane provided that the
dot product of �e and �i is su�ciently large. As a result, the
drift of �� due to di↵erential drag does not pose a collision risk.
Following from Eq. (10), the necessary condition to ensure a
minimum RN-plane separation of ✏ between all spacecraft in a
swarm is given as

|�e jk · �i jk | �
✏

a

r
�e2

jk + �i
2
jk �

✏

a
8 j , k (23)

Once again the cost of verifying this constraint scales quadrat-
ically with the number of spacecraft. However, it is possible
to use the technique employed in the high-density formation
design to ensure collision avoidance between all pairs of space-
craft at reduced computational cost. Suppose that the relative
eccentricity and inclination vectors of the jth deputy are defined
as

�e j = Yj�esep

 
cos(✓)
sin(✓)

!
�i j = Zj�isep

 
0
1

!
(24)

where �esep, and �isep, and ✓ are constants for the swarm and Yj

and Zj are nonzero integers that satisfy

Yj , Yk, Zj , Zk 8 j , k (25)

This constraint ensures that the relative eccentricity and incli-
nation vectors for the deputies are unique. An example swarm
in this configuration is shown in Figure 6. Using the relation-
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Fig. 6. Example swarm formation using e/i vector separation.

ship between the states of the deputies in Eq. (15), the rela-
tive eccentricity and inclination vectors between any two deputy
spacecraft can be expressed as

�e jk = Yjk�esep

 
cos(✓)
sin(✓)

!
�i jk = Zjk�isep

 
0
1

!
(26)

where Yjk = Yk � Yj and Zjk = Zk � Zj. Substituting these
expressions into Eq. (10) yields

|YjkZ jk�esep�isep sin(✓)| � ✏

a

r
Y2

jk�e
2
sep + Z2

jk�i
2
sep �

✏

a
(27)

Since Yjk and Zjk must be nonzero integers, the limiting case of
Eq. (27) is given as

| sin(✓)| � ✏

a�esep�isep

r
�e2

sep + �i2sep �
✏

a
(28)

It can be seen that any formation satisfying Eq. (28) will also
satisfy Eq. (27) for any nonzero Yjk and Zjk. It follows that if
the closest pair of spacecraft in a swarm configured according
to Eq. (24) has a minimum separation of ✏ in the RN-plane, then



all pairs of spacecraft in the swarm will also have a minimum
separation of at least ✏.

Next, these constraints can be modified to include uncer-
tainty. Suppose that all �e j and �i j are known to be within 3-�
uncertainty margins ��e and ��i, respectively, of their nominal
values as defined in Eq. (24). The smallest possible magnitude
of any �e jk is given in Eq. (19) and the smallest magnitude of
any �i jk, denoted �imin, is given by

�imin = �isep � 2��i (29)

Additionally, because the minimum RN-plane separation de-
pends on the dot product between the relative eccentricity and
inclination vectors, it is possible that rotations of �e jk and �i jk

can violate the constraint in Eq. (27). The worst-case rotation
of the relative eccentricity vector between two adjacent deputies
�✓ due to an uncertainty of ��e is illustrated in Figure 7. As

Fig. 7. Worst-case arrangement of adjacent deputies within ��e uncer-
tainty margins that maximizes rotation �✓ of �e jk .

shown in the figure, the worst-case rotation is obtained when the
line connecting the two deputies is tangent to the boundaries of
both uncertainty regions (red circles). From simple trigonom-
etry, �✓ and the worst-case rotation of the relative inclination
vector �' are given by

�✓ = arcsin
 

2��e
�esep

!
�' = arcsin

 
2��i
�isep

!
(30)

Combining Eqs. (19) and (28-30), a su�cient constraint to en-
sure a minimum RN-plane separation of ✏ between all space-
craft in the presence of uncertainty in �e and �i is given by

| sin(✓ +  )| � ✏

a�emin�imin

r
�e2

min + �i
2
min �

✏

a
 = �sign(tan(✓))(�✓ + �')

(31)

where  is the sum of the worst-case rotations of the relative
eccentricity and inclination vectors between two deputies. This
equation can be used to determine what separation is needed
to ensure safe RN-plane separation at a specified ✓ for a given
uncertainty. Also, because ✓ will rotate due to J2 unless maneu-
vers are performed, this constraint can also be used to determine
how long the formation can be allowed to drift before maneu-
vers are required to ensure safe separation in the RT-plane. It
should be noted that Eq. (31) is a su�cient, but not necessary
constraint because the worst-case separations and rotations of
the relative eccentricity and inclination vectors do not occur si-
multaneously.

4. Control Design

As demonstrated in Sec. 2, di↵erential drag causes drifts in
the in-plane ROE that must be corrected periodically to ensure
safe and bounded relative motion for both of the described for-
mation designs. The control architecture presented in the fol-
lowing is derived under the assumption that the guidance pro-
file follows the passive rotation of the relative eccentricity vec-
tor due to J2 described in Eq. (3). Thus, control input is only
needed to counteract the e↵ects of di↵erential drag. To meet
this need, a nonlinear bang-o↵-bang state space control law is
derived that ensures that �a and �� remain near zero and that �e
remains close to the desired reference with minimal actuation.
For the formation design using e/i vector separation, this con-
trol law is implemented in a hybrid passive/active architecture
that periodically allows the spacecraft to freely drift and only
commands maneuvers when necessary. Specifically, this archi-
tecture commands maneuvers 1) when the phase angle of the
relative eccentricity vectors will soon violate the constraint de-
fined in Eq. (31), resulting in insu�cient RN-plane separation,
and 2) at regular intervals to ensure that the inter-spacecraft sep-
aration stays within user-specified limits. For the high-density
swarm design, the control law is engaged at all times. Before
deriving the control law, it is necessary to establish a model
of the relationship between performed maneuvers and their ef-
fects on the ROE. In near-circular orbits, the time derivatives of
the ROE corresponding to a relative acceleration �p in the RTN
frame applied to the deputy are given by D’Amico5) as

�↵̇(t) = �(↵c(t))�p(t) = �(↵c(t))

0
BBBBBB@
�pR(t)
�pT (t)
�pN(t)

1
CCCCCCA

�(↵c(t)) =
1

an

2
666666666666666666664

0 2 0
�2 0 0

sin(uc) 2 cos(uc) 0
� cos(uc) 2 sin(uc) 0

0 0 cos(uc)
0 0 sin(uc)

3
777777777777777777775

(32)

where � is the control matrix. Using this model, the state at
time t0 + ⌧ is related to a prior state at time t0 and the control
input profile by

�↵(t0 + ⌧) = �(↵c(t0), ⌧)�↵(t0)+
Z ⌧

0
�(↵c(t0 + t), ⌧ � t)�(↵c(t0 + t))�p(t0 + t)dt

(33)

The properties of this model can be used to simplify the control
design problem. Specifically, it is evident from Eq. (32) that
the most e�cient way to change �a and �e is by performing a
maneuver in the along-track direction. Additionally, a change
in �� can be e�ciently generated by performing a pair of equal
and opposite along-track maneuvers separated by a reasonable
time (� 0.25 orbits). It follows that all of the in-plane ROE
can be e�ciently controlled using only along-track maneuvers.
With this in mind, two nonlinear bang-o↵-bang state space con-
trol laws are formulated using low-thrust and di↵erential drag
control in order to provide safe and bounded relative motion
for both of the swarm designs presented in Sec. 3. Di↵eren-
tial drag control be implemented by changing the attitude of the
deputies to vary the cross-sectional area as routinely performed
by the Dove telescope spacecraft in the Planet constellation.35)



4.1. Low-Thrust Control
The nonlinear bang-o↵-bang low-thrust control law de-

scribed in the following is inspired by recent work on impulsive
control of spacecraft formations.28, 29) The control command is
computed in two steps. First, a preliminary commanded accel-
eration Ucom

�a,�� is computed as a function of �a, ��, a specified
reconfiguration time, and the actuation capabilities of the space-
craft. The final commanded acceleration Ucom is computed by
modulating Ucom

�a,�� to ensure that performed maneuvers have a
favorable e↵ect on �e.
4.1.1. Control Law for �a and ��

The primary goal of the control law for �a and �� is to coun-
teract the along-track drift caused by di↵erential drag. How-
ever, before deriving the state space control law, it is insightful
to first show the behavior of ROE control using a simple exam-
ple. Consider the problem of changing �� from some nonzero
initial value ��(t0) to zero in a specified time �trec using low-
thrust control. In this example it is assumed that the initial and
final values of �a are zero. Neglecting the e↵ect of maneuvers
on the relative eccentricity vector, the minimum delta-v maneu-
ver sequence for these reconfiguration includes two equal and
opposite maneuvers at the beginning and end, respectively, of
the propagation.28, 29) The first maneuver increases |�a| such that
�� drifts toward zero. At the end of the propagation, the sec-
ond maneuver drives �a back to zero. This maneuver sequence
is illustrated in Figure 8. Considering only maneuvers in the
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Fig. 8. Reconfiguration maneuver sequence to drive �� to zero in time
�trec.

along-track direction for spacecraft in unperturbed near-circular
orbits, the STM and control input matrices for this problem are
given by D’Amico5) as

�(↵c(t), ⌧) =
"

1 0
�1.5n⌧ 1

#
�(↵c(t)) =

"
2/(an)

0

#
(34)

Let U denote the acceleration produced by the thrusters, �tman1

and �tman2 denote the duration of each of the maneuvers, and
�trec denote the total reconfiguration time. In order to recon-
figure the formation as described, these values must satisfy Eq.
(33) for the given initial and final conditions. From Eqs. (33)
and (34), the governing equation for �a is given by

�a(t0 + �trec) = �a(t0) +
2U
an
�tman1 �

2U
an
�tman2 (35)

Since the initial and final values of �a are zero from the prob-
lem definition, it is evident that this equation is only satisfied if
�tman1 = �tman2. To simplify notation in the following deriva-
tions, the numeric subscripts for these maneuver durations are

dropped. From Eqs. (33) and (34), the governing equation for
�� for this problem is given by

��(t0) � 3U
a
�tman(�trec � �tman) = 0 (36)

Using this equation, it is possible to solve for the duration of
each maneuver in closed-form for a specified thrust value and
initial condition. This maneuver duration is given by

�tman =
�trec �

q
�t2

rec � 4a|��(t0)|
3U

2
(37)

This equation only has a real solution for �tman  �trec/2. Ac-
cordingly, �trec must satisfy

�trec �
r

4a|��(t0)|
3U

(38)

for a feasible maneuver sequence to exist. Finally, the total
delta-v cost of the maneuver sequence �vrec is computed by
multiplying the applied thrust by the total maneuver time. Us-
ing the single maneuver time from Eq. (37), this delta-v cost is
given by

�vrec = U
 
�trec �

r
�t2

rec �
4a|��(t0)|

3U

!
(39)

Next, the solution of this example problem is used to derive
a nonlinear bang-o↵-bang state space control law that produces
the described series of maneuvers for any ��(t0). Without loss
of generality, assume that ��(t0) is positive. During the second
maneuver of the described sequence, �a and �� can be written
as explicit functions of time. If the second maneuver ends at
time t, then these functions are given as

�a(t � ⌧) =
2U
an

⌧ ��(t � ⌧) =
3U
2a

⌧2 (40)

By factoring out ⌧, it is found that the second maneuver follows
a path given by

�� =
3an2

8U
�a2 (41)

From Eq. (32), the duration of the maneuver that drives �a and
�� from a point on this line to the origin is given by

�tman =
an
2U

�a (42)

Also, there will be a drift period between the maneuvers of du-
ration �trec � 2�tman. The location of the start of this drift can
be computed by adding the change in �� over this time from
Eq. (33) to the location of the end of the drift (and start of the
second maneuver) in Eq. (41). Combining these expressions,
the line defining the end of the first maneuver is given by

�� =
3
2

n�a
 
�trec �

3an
4U

�a
!

(43)

Equations (41) and (43) parametrically define the boundaries of
the required maneuvers provided that ��(t0) is nonnegative. If
��(t0) is negative, these equations simply have opposite signs.

It is now possible to define a nonlinear bang-o↵-bang con-
trol law to produce the described maneuver sequence. Because
the output of this control law will be modulated to ensure a fa-
vorable e↵ect on �e, a modified acceleration parameter U⇤ is



adopted to ensure that the spacecraft can follow the switching
lines of the control law. This parameter is the maximum accel-
eration that is guaranteed to be consistent with the modulated
maneuvers and is defined in the following section. Using the
results from Eqs. (41) and (43), the switching lines for thrust
in the flight direction ⇤+thrust and anti-flight direction ⇤�thrust are
given as a function of �a and constant parameters �trec and U⇤

by

⇤+thrust(�a) =

8>>>>><
>>>>>:

3an2

8U⇤
�a2 + ��wait if �a � 0

�
3an2

8U⇤
�a2 if �a < 0

9>>>>>=
>>>>>;

⇤�thrust(�a) =

8>>>>><
>>>>>:

3an2

8U⇤
�a2 if �a � 0

�
3an2

8U⇤
�a2 � ��wait if �a < 0

9>>>>>=
>>>>>;

(44)

where ��wait is the change in �� due to the drift between ma-
neuvers, which is given by

��wait =
3
2
|�a|max

 
�trec �

an
U⇤
|�a|, 0

!
(45)

The preliminary commanded acceleration Ucom
�a,�� is given by

Ucom
�a,��(�a, ��) =

8>>><
>>>:

U if �� � ⇤+thrust(�a)
�U if ��  ⇤�thrust(�a)

0 otherwise

9>>>=
>>>;

(46)

The control regions are shown in Figure 9 for U⇤ of 10�5 m/s2

and �trec of three orbits along with an example trajectory. In

Fig. 9. Commanded acceleration Ucom
�a,�� defined from Eq. (46) using

switching lines defined in Eq. (44) with example trajectory.

addition to exactly replicating the previously described recon-
figuration sequence, this control law will drive ��(t0) to zero in
minimum time if doing so in �trec is infeasible.

However, it is noteworthy that the switching lines for both
control regions go through the origin. This will cause rapid
changes in the commanded acceleration when when imple-
mented on a system with realistic navigation errors, increasing
propellant consumption. To mitigate this issue, a deadband can
be introduced to the controller to smooth the commanded actu-
ation profile in the presence of navigation errors. The switching

lines including a deadband of ��db for thrust in the flight direc-
tion ⇤+thrust,db and anti-flight direction ⇤�thrust,db are given by

⇤+thrust,db(�a) =
8>>>>><
>>>>>:

max(���db +
3an2

8U⇤
�a2 + ��wait, ��db) if �a � 0

��db �
3an2

8U⇤
�a2 if �a < 0

9>>>>>=
>>>>>;

⇤�thrust,db(�a) =
8>>>>><
>>>>>:

���db +
3an2

8U⇤
�a2 if �a � 0

min(��db �
3an2

8U⇤
�a2 � ��wait,���db) if �a < 0

9>>>>>=
>>>>>;

(47)

The control regions for the described deadband controller with
a��db of 50 meters are illustrated in Figure 10 including an ex-
ample trajectory.

Fig. 10. Commanded acceleration Ucom
�a,�� defined from Eq. (46) using

deadband switching lines defined in Eq. (47) with example trajectory.

4.1.2. Control Law for �e
The objective of the relative eccentricity vector control law

is to ensure that the relative eccentricity vectors of the deputies
maintain a safe minimum spacing as defined in Eqs. (18) and
(24). This is accomplished at minimum actuation cost by hav-
ing the relative eccentricity of each deputy follow the passive
rotation due to J2 defined in Eq. (3). An important conse-
quence of the structure of the control matrix in Eq. (32) is that
the change in �a caused by an along-track maneuver is equal
to the path length traveled by the relative eccentricity vector.
Additionally the phase angle of the change in the relative ec-
centricity vector depends on the location of the maneuver. This
property suggests that the secular e↵ect of di↵erential drag on
the relative eccentricity vector will be less than the change in
�a. This property is exploited in the control design by simply
modulating Ucom

�a,�� to ensure that performed maneuvers have a
favorable e↵ect on the relative eccentricity vector. Let the rela-
tive eccentricity error �eerr be defined as

�eerr = �e � �edes (48)

If the magnitude of �eerr is within the deadband �edb, then the
commanded acceleration is equal to Ucom

�a,��. However, if �eerr



is outside of the deadband, the commanded acceleration is zero
unless the condition

�sign(Ucom
�a,��)

�eerr

||�eerr ||2
·
 
cos(u)
sin(u)

!
� cos(⇣) (49)

is satisfied where ⇣ defines the maximum allowable angle be-
tween the desired change in the relative eccentricity vector and
the change produced by a nonzero Ucom

�a,��. If ⇣ is less than ⇡/2,
this constraint requires that any performed maneuver must de-
crease the magnitude of �eerr. Using this approach, the com-
manded acceleration Ucom is given by

Ucom =
8>>>>>><
>>>>>>:

Ucom
�a,�� if ||�eerr ||2 <= �edb

Ucom
�a,�� if �

sign(Ucom
�a,��)�eerr

||�eerr ||2
·
 
cos(u)
sin(u)

!
� cos(⇣)

0 otherwise

9>>>>>>=
>>>>>>;

(50)

This control law allows for a limit cycle in which the relative
eccentricity vector traces a circle around the desired value of
radius �edb. Additionally, it is necessary to define the time-
averaged thrust parameter U⇤ to ensure a feasible trajectory is
defined in �a and ��. This parameter is defined by considering
the limiting cases of the modulation produced by the control
law for the relative eccentricity vector. If �eerr is outside of the
deadband, then the control law allows maneuvers that span at
least ⇣/⇡ of the orbit. On the other hand, if �eerr is inside the
deadband, then the resulting maneuvers can trace out a path no
longer than 2⇡�edb in an orbit. From Eq. (32), this corresponds
to an average acceleration of an2�edb/2. From these two condi-
tions, the maximum guaranteed time-averaged acceleration al-
lowed by the relative eccentricity vector control law is given
by

U⇤ = min
 
⇣

⇡
U,

1
2

an2�edb

!
(51)

Recall that ⇣ should be no larger than ⇡/2 in order to drive �eerr

to within the deadband. It follows that ⇣/⇡  0.5, which means
that the deadband is the limiting factor for U⇤ if an2�edb  U.
Thus, there is a tradeo↵ between control precision and control
authority using this control approach. However, this constraint
is not expected to impact control design if low-thrust control
is used. For example, if U is on the order of 10�5 m/s2, then
a�edb can be no larger than a few meters in LEO to satisfy this
constraint.
4.1.3. Hybrid Passive/Active Control Timing

In order to use this control law in a hybrid passive/active ar-
chitecture, it is necessary to determine two additional parame-
ters: 1) the maximum drift time �tdri f t for which the control law
can be disengaged before the e↵ects of di↵erential drag cause
|�a| or |��| to increase beyond specified limits �amax and ��max,
and 2) the reconfiguration time �trec that is required to ensure
that safe separation in the RT-plane is established before sepa-
ration in the RN-plane decreases below safe levels. To deter-
mine these values, consider the following simplified scenario
illustrated in Figure 11. In this scenario, a deputy spacecraft is
allowed to freely drift from the origin under the e↵ects of dif-
ferential drag for time �tdri f t as shown by the red line. After
the drift, two maneuvers are performed to drive �� and �a back
to zero in time �trec as shown by the solid green lines. In this
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Fig. 11. Reconfiguration maneuver sequence for low-thrust control.

scenario it is assumed that �trec is large relative to the maneu-
ver duration, allowing the maneuvers to be reasonably approx-
imated as impulsive. It is also assumed that �trec is small in
comparison to �tdri f t, so the e↵ects of di↵erential drag between
the maneuvers can be neglected. Under the e↵ects of di↵eren-
tial drag, the relative semimajor axis drifts at a constant rate of
�ȧdrag and the evolution of �a and �� can be modeled as

 
�a(t + ⌧)
��(t + ⌧)

!
=

"
1 0
� 3

2 n 1

#  
�a(t)
��(t)

!
+ �ȧdrag

 
⌧

� 3
4 n⌧2

!
(52)

If the drift starts at the origin, then the state after time �tdri f t is
given by

�adri f t = �ȧdrag�tdri f t ��dri f t = �
3
4

n�ȧdrag�t2
dri f t (53)

It is evident from this equation that �tdri f t must satisfy

�tdri f t  min
 
�amax

|�ȧdrag|
,

s
4��max

3n|�ȧdrag|

!
(54)

to ensure that �a and �� remain within the specified limits. After
the drift phase, a maneuver is performed to change the relative
semimajor axis to �arec, which ensures that �� returns to zero
after time �trec. Since the final value of �� must be zero and the
e↵ects of di↵erential drag are neglected during the reconfigura-
tion, �arec must satisfy

0 = ��dri f t �
3
2

n�arec�trec (55)

Substituting in the expressions from Eq. (53) and solving for
�arec yields

�arec = �
1
2
�adri f t

�tdri f t

�trec
(56)

From this equation it is evident that �trec must be selected to
satisfy

�trec �
1
2
|�ȧdrag|
�amax

�t2
dri f t =

1
2
|�adri f t |
�amax

�tdri f t (57)

Because |�adri f t |/�amax must be between zero and one, this
constraint means that there is a lower bound on �trec that ap-
proaches �tdri f t/2 as |�adri f t | approaches �amax. Next, suppose
that the condition in Eq. (31) is known to be satisfied for some
range ✓min  ✓  ✓max. In order to ensure that safe separation in



the RT-plane is achieved before RN-plane separation decreases
below acceptable levels, it is necessary to select �tdri f t and �trec

such that

�tdri f t + �trec 
✓max � ✓min

!̇c
(58)

Overall, selecting the drift and reconfiguration times to satisfy
Eqs. (54), (57), and (58) is su�cient to simultaneously ensure
collision avoidance and keep the entire reconfiguration profile
within user-defined limits given an a-priori estimate of �ȧdrag.

This model can also be used to estimate the total delta-v cost
of the maneuvers in the reconfiguration sequence. It is clear
from the trajectory shown in Figure 11 that the two maneuvers
must produce a total change in �a of 2|�acont |+|�adri f t |. The total
delta-v cost of this reconfiguration �vrec can be found from Eq.
(32) as

�vrec =
1
2

an(2|�arec| + |�adri f t |)

=
1
2

an|�adri f t |
⇣�tdri f t

�trec
+ 1

⌘ (59)

It is evident from this equation that the cost associated with the
pair of maneuvers depends on the duty cycle of the controller
�trec/�tdri f t. It follows that there is a trade space in the mis-
sion design between allowable drift time and control e�ciency.
For example, the duration of the drift phase can be maximized
subject to the time constraint in Eq. (58) by minimizing the con-
troller duty cycle. However, the resulting maneuver costs may
be many times larger than those required to counteract �adri f t,
resulting in ine�cient control. Selecting a higher duty cycle re-
quires shorter drift phases, but results in less propellant usage,
which may extend the total mission lifetime. Additionally, this
equation implies that the delta-v cost of the pair of maneuvers
has a lower bound of an|�adri f t |/2, which is the cost of the ma-
neuver required to negate the drift of �a due to di↵erential drag.
4.2. Di↵erential Drag Control

Before deriving the di↵erential drag control law, it is neces-
sary to formalize a model of the e↵ects of atmospheric drag.
The perturbing acceleration due to atmospheric drag pdrag is di-
rected in the anti-flight direction and has a magnitude given as

pdrag =
1
2
⇢v2

CDA
m

(60)

where ⇢ is the atmospheric density, v is the velocity of the space-
craft, CD is the drag coe�cient, A is the cross-section area, and
m is the spacecraft mass. To simplify the following derivations,
the ballistic properties of the spacecraft are captured in the bal-
listic coe�cient B, which is defined as

B =
CDA

m
(61)

Additionally, for near-circular orbits, the velocity can be ap-
proximated as

v = na (62)

Using these definitions, the acceleration due to atmospheric
drag can can be expressed as

pdrag =
1
2
⇢n2a2B (63)

To model the e↵ect of di↵erential drag, let the di↵erential bal-
listic coe�cient �B between a deputy and chief spacecraft be
defined as

�B = Bd � Bc (64)

Provided that the spacecraft are in close proximity, the di↵er-
ence in directions between the velocity vectors can be neglected
and the relative acceleration in the anti-flight direction due to
di↵erential drag �pdrag can be expressed as

�pdrag =
1
2
⇢a2n2�B (65)

From Eq. (32) the resulting drift of the relative semimajor axis
due to di↵erential drag is given as

�ȧdrag = ⇢an�B (66)

To simplify the control derivation, let ⇢̄ denote the atmospheric
density averaged over one orbit and let �Bmax be the largest
achievable magnitude of �B given the geometry of the space-
craft.

The di↵erential drag control law uses the same architecture
as the thrust control law, but includes small modifications to ad-
dress the inherent limitations of this actuation strategy. First,
the relative acceleration produced by di↵erential drag maneu-
vers is generally within an order of magnitude of the perturbing
acceleration, which means that the smallest achievable recon-
figuration time will be comparable to or longer than the dura-
tion of the drift phase. Additionally, the changes in �a and �e
produced by a di↵erential drag maneuver are subject to high un-
certainty deriving from two causes: 1) density variations over
a single orbit due to the diurnal bulge, and 2) errors in atmo-
spheric density models. Due to these limitations, a deputy using
di↵erential drag control may not be able to follow the switch-
ing line of the control law (illustrated in Figure 10), resulting in
an overshoot of the deadband. In this case, multiple maneuver
sequences will be required, resulting in a longer reconfigura-
tion time. In light of these concerns, ��wait is set to zero in the
di↵erential drag control law to reduce the reconfiguration time.
Additionally, because the atmospheric density varies over the
orbit, the change in the relative eccentricity vector produced by
a maneuver may not be in the desired direction. It is therefore
possible that �a and �� may reach their deadband before �e.
This concern is addressed by adding a condition to the control
law that produces a pair of equal and opposite maneuvers once
per orbit if �a and �� are within the deadband and �e is outside
of the deadband. As before, it is also necessary to use a param-
eter �B⇤ in the definition of the switching lines that defines the
maximum time-averaged di↵erential ballistic coe�cient that is
consistent with the modulation produced by the relative eccen-
tricity vector control law. The switching lines for positive ⇤+drag
and negative ⇤�drag di↵erential ballistic coe�cients are given by

⇤+drag(�a) =
8><
>:
���db +

3
4⇢̄a�B⇤ �a

2 if �a � 0
min(��db � 3

4⇢̄a�B⇤ �a
2,���db) if �a < 0

9>=
>;

⇤�drag(�a) =
8><
>:

max(���db +
3

4⇢̄a�B⇤ �a
2, ��db) if �a � 0

��db � 3
4⇢̄a�B⇤ �a

2 if �a < 0

9>=
>;

(67)



and the preliminary control command �Bcom
�a,�� is given by

�Bcom
�a,��(�a, ��) =

8>>><
>>>:

�Bmax if ��  ⇤+drag(�a)
��Bmax if �� � ⇤�drag(�a)

0 otherwise

9>>>=
>>>;

(68)

The commanded actuation is plotted in the ROE state space for
this control law in Figure 12 for an assumed ⇢̄ of 1 g/km3 (av-
erage for an orbit altitude of 450 km) and �B⇤ of 0.005 m2/kg.
In comparison with the control regions in Figures 9 and 10, it is
evident that the maximum value of �a achieved in a reconfigu-
ration of several hundred meters in a�� will be less than 10 m,
resulting in a reconfiguration time of at least several orbits.

Fig. 12. Control regions for �Bcom
�a,�� using switching lines defined in Eq.

(67).

The final control command �Bcom is defined as
• If ||�eerr ||2  �edb

• �Bcom = �Bcom
�a,��

• Else
• If �Bcom

�a,�� , 0

• If sign(�Bcom
�a,��)

�eerr

||�eerr ||2
·
 
cos(u)
sin(u)

!
� cos(⇣)

• �Bcom = �Bcom
�a,��

• Else
• �Bcom = 0

• Else

• If
�eerr

||�eerr ||2
·
 
cos(u)
sin(u)

!
� cos(⇣)

• �Bcom = �Bmax

• Else if
�eerr

||�eerr ||2
·
 
cos(u)
sin(u)

!
 � cos(⇣)

• �Bcom = ��Bmax

• Else
• �Bcom = 0

The maximum achievable time-averaged di↵erential ballistic
coe�cient is computed in the same way as U⇤ for the low-thrust
control law. First, if �eerr is outside of the deadband, then a
maneuvers are allowed that span at least ⇣/⇡ of the orbit. If �eerr

is inside the deadband, then the maneuver can cause a change
in �a of no more than 2⇡�edb in a single orbit. Using Eq. (66),
this corresponds to an average di↵erential ballistic coe�cient
of �edb/(⇢̄a). Thus, �B⇤ is given by

�B⇤ = min
⇣ ⇣
⇡
�Bmax,

�edb

⇢̄a
⌘

(69)

However, the relative acceleration produced by a di↵erential
drag maneuver is expected to be multiple orders of magnitude
less than that of a maneuver performed with any thruster. As a
result, only an extremely small deadband (a�edb on the order of
cm or smaller) will result in limited control authority.

Additionally, in order to use the hybrid passive/active control
architecture with the swarm designs based on e/i vector sepa-
ration, it is necessary to constrain the �tdri f t to ensure that safe
separation in the RT-plane is established before RN-plane sepa-
ration decreases below the minimum safe value and that �a and
�� stay within acceptable limits at all times. To simplify no-
tation, the reconfiguration parameters are denoted by subscript
rec as used in the timing analysis for low-thrust control. How-
ever, it should be noted that the formulas that govern these vari-
ables are di↵erent between low-thrust and di↵erential drag con-
trol. To derive the necessary constraints, consider the following
simplified model. As before, the spacecraft is allowed to freely
drift for time �tdri f t under the e↵ects of di↵erential drag. At
the end of the drift phase, the control law is engaged and the
spacecraft performs two maneuvers to drive �a and �� back to
zero. This reconfiguration sequence is illustrated in Figure 13.
Because the control is continuously engaged from the end of
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Fig. 13. Reconfiguration parameters for di↵erential drag control.

the drift until �a and �� are back in the deadband, the recon-
figuration profile is fully specified by �tdri f t and a parameter D
defined as

D =
�ȧrec

�ȧdrag
(70)

where �ȧrec is the drift rate of �a achieved by a di↵erential drag
maneuver. In essence, D is a measure of the control authority
using di↵erential drag. This parameter can be approximated as
the ratio of �B⇤ to the residual di↵erential ballistic coe�cient
when the commanded actuation is zero. The states at the end of
the drift are the same as those specified in Eq. (53). However,
because D cannot be assumed to be large, the continued drift
after the start of the first maneuver cannot be neglected. Using
the dynamics model in Eq. (52), the largest value of �� reached
during the reconfiguration ��rec is given as

��rec = ��dri f t

 
1 +

1
D

!
(71)



After this condition is reached, the remaining maneuvers are
equal and opposite. From this symmetry, �arec can be expressed
as

�arec = �adri f t

r
D + 1

2
(72)

and the total time required to perform both maneuvers �trec is
given by

�trec = �tdri f t
1 +
p

2(D + 1)
D

(73)

From Eqs. (53) and (71), the necessary constraint to ensure that
��rec does not exceed ��max is given by

�tdri f t 
s

4��maxD
3n|�ȧdrag|(D + 1)

(74)

Similarly, the necessary constraint to ensure that �arec does not
exceed �amax can be derived from Eqs. (53) and (72). This
constraint is given by

�tdri f t 
�amax

|�ȧdrag|

r
2

D + 1
(75)

Finally, it is necessary to ensure that Eq. (58) is satisfied in
order to establish a safe minimum separation in the RT-plane
before separation in the RN-plane decreases below acceptable
levels. Substituting the expression for �trec in Eq. (73) yields

�tdri f t 
D

D + 1 +
p

2(D + 1)
✓max � ✓min

!̇c
(76)

The constraints in Eqs. (74), (75), and (76) are su�cient
to ensure that the reconfiguration profile satisfies user-defined
constraints and that safe separation in the RT-plane is estab-
lished before RN-plane separation decreases below the accept-
able limit. In order to minimize the control requirements placed
on spacecraft in the swarm, it is desirable to minimize the ratio
�trec/�tdri f t to ensure long periods of free drift. From Eq. (73),
it is clear that the duty cycle is minimized if D is as large as pos-
sible. Indeed, the ratio �trec/�tdri f t can only be less than one if
D is at least 4.25. However, it is simultaneously necessary to
ensure that �arec does not exceed acceptable limits. With this
in mind, it can be seen from Eq. (75) that �arec will be within
a factor of three of �adri f t for D as large as 10. Since achiev-
ing such a large control authority using di↵erential drag control
requires a spacecraft with highly variable cross-sectional area,
the constraint in Eq. (75) is not expected to drive selection of
�tdri f t if the RN-plane separation is large relative to �adri f t.

5. Validation Scenario Definition

The swarm formations derived in Sec. 3 and control architec-
tures derived in Sec. 4 are validated through simulation of a ref-
erence mission scenario. In this simulation, the swarm is mod-
eled as a microsatellite mothership and a set of 18 nanosatellite
deputies. The mothership is assumed to have a mass of 100 kg,
a cross-section area of 1 m2 and a drag coe�cient of 1, resulting
in a ballistic coe�cient of 0.01 m2/kg. The deputy spacecraft
are modeled after the 3U CubeSat telescope spacecraft used by
Planet,35) which is shown in Figure 14. The modeled spacecraft
have a mass of 4.5 kg, a drag coe�cient of 0.9, and include a

Fig. 14. CubeSat telescope spacecraft used by Planet.35)

0.3x0.7 m solar panel array. The sensing and actuation capabili-
ties of the modeled spacecraft are based on the commercial-o↵-
the-shelf (COTS) sensors and actuators listed in Table 1. These
components were selected to be representative of current Cube-
Sat subsystems and are not the same as those deployed on the
Planet spacecraft.

Table 1. Sensor and actuator references.

Component Model
GNSS receiver Septentrio AsterRx436)

Thruster Busek BET-10037)

Reaction wheel CubeWheel Medium38)

From the performance specifications of these components,
the navigation and control performance is modeled as follows.
It is assumed that the mothership’s 1-� navigation errors are
5 m and 1 cm/s in position and velocity, respectively, after fil-
tering. It is also assumed that the mothership is able to esti-
mate the mean ROE of each deputy with 1-� uncertainty of 5
m and a bias of no more than 1 m using the di↵erences in the
position, velocity, and time measurements from the GNSS re-
ceivers. Finally, a 5% di↵erence between the commanded and
applied thrust is included in the simulations. These navigation
and control errors are summarized in Table 2.

Table 2. Error parameters for simulations.

Error Source Units Value
Absolute Navigation

Position (1-�) (m) 5
Velocity (1-�) (cm/s) 1

Relative Navigation
Noise (1-�) (m) 5
Bias (m) 1

Maneuver Execution (%) 5

For simulations using the low-thrust control law, each deputy
is assigned a constant cross-section area of between 0.048 and
0.052 m2, resulting in di↵erential ballistic coe�cients of up to
0.0004 m2/kg, which is 4% of the ballistic coe�cient of the
mothership. Additionally, the BET-100 produces a thrust of 100
µN, resulting in an acceleration of 2.2 ⇥ 10�5 m/s2.

For simulations using di↵erential drag control, the com-
manded di↵erential ballistic coe�cients are cast as attitude
commands as described in the following. If the axis of the
CubeSat body is aligned in the radial direction (e.g. to orient
the telescope in the nadir direction) and � denotes the angle
between the solar panel array and the flight direction, then the
cross-section area can be approximated as

A = 0.03 cos(�) + 0.21| sin(�)| (77)



From this function, the commanded values of � correspond-
ing to minimum and maximum drag are set at 0 and 11.2 de-
grees, respectively, resulting in cross-section areas of 0.03 and
0.07 m2. These areas provide di↵erential ballistic coe�cients
of 0.004 m2/kg, which is 40% of the ballistic coe�cient of the
mothership. The nominal attitude for each deputy is set between
5.0 and 6.1 degrees, providing nominal areas between 0.048 and
0.052 m2 as in the simulations using the low-thrust control law.
Since the attitude of the spacecraft cannot be changed instan-
taneously, the output of the bang-o↵-bang control law is used
to drive a simple one-dimensional attitude controller. The at-
titude controller assumes a spacecraft moment of inertia I of
0.05 kgm2, a maximum torque of 0.001 Nm,38) and momentum
storage of 0.01 Nms.38) These result in a maximum angular ac-
celeration of 1.1 deg/s2 and a maximum slew rate of 11 deg/s.
The commanded torque P to the attitude controller is given as

P = I(�2⌘�̇ � ⌘2(� � �com)) (78)

where �com is the attitude command from the bang-o↵-bang
control law and ⌘ is the parameter governing the convergence
speed. This parameter is set at 0.05 in order to reduce the load
on the reaction wheel. This control law produces a maximum
torque command of only 27 µNm when the di↵erence between
the true and commanded attitude is 11.2o. Additionally, attitude
command is only sampled once every five minutes to reduce the
number of attitude slew maneuvers.

The initial orbit of the mothership is given in Table 3. This

Table 3. Initial mothership orbit.

a(km) e(�) i (o) ⌦ (o) ! (o) M (o)
6,835 0.001 20 120 120 0

orbit was selected to provide a nominal altitude of 450 km. At
this altitude the atmospheric density is su�cient to allow the
di↵erential drag control law to counteract the e↵ects of solar
radiation pressure and third-body gravity, but small enough to
allow several days of free drift without the along track separa-
tion growing larger than a few kilometers. Given the described
spacecraft models and initial orbit, the key parameters for the
low-thrust and di↵erential drag control laws are given in Table
4. The deadband values are selected to allow a control error five

Table 4. Control law parameters.

Controller Low-thrust Di↵erential drag
a��db (m) 25 25
a�edb (m) 25 25
⇣ (deg) 80 80

Uthrust (m/s2) 2.2⇥10�5 N/A
U⇤ (m/s2) 1.0⇥10�5 N/A
�trec (days) 2.25 N/A
�Bmax (m2/kg) N/A 0.02 (40% of Bc)
�B⇤ (m2/kg) N/A 0.0089 (18% of Bc)
⇢̄ (kg/m3) N/A 1.05⇥10�12

D (-) N/A 4.5

times larger than the 1-� relative navigation error. The averaged
density over the orbit is computed from the Harris-Priester at-
mospheric density model39) and is assumed constant for the en-
tire simulation. The U⇤ and �B⇤ parameters are computed from

Eqs. (51) and (69), respectively. D is computed by dividing
�B⇤ by the largest nominal di↵erential ballistic coe�cient of
the deputies. The reconfiguration time for the low-thrust con-
troller is selected to satisfy the constraint in Eq. (58) for the
drift window described in the following. Finally, in order to
assess the robustness of the di↵erential drag control architec-
ture to errors in atmospheric density models, simulations are
also performed where the estimated ⇢̄ is half or double the true
value.

Next, it is necessary to select the initial configuration for the
swarm formations. A nominal separation a�esep of 200 m is
selected so that Eq. (21) is satisfied for any a�� in the 25 m
deadband. The deputies are arranged as in Eq. (18) and the
initial relative eccentricity vector for each of the deputies with
respect to the mothership is shown in Figure 15.

Fig. 15. Initial configuration of high-density swarm.

The nominal sizing for the formation using e/i vector sepa-
ration is driven by the duration of the passive drift phase. If it
is assumed that a�i drifts by no more than 25 meters over the
simulation, then nominal separations a�esep and a�isep of 400
meters are su�cient to satisfy the constraint in Eq. (31) when-
ever mod(✓, 180o) is between 45o and 135o, allowing multiple
days of passive drift. The initial configuration of this formation
is illustrated in Figure 16. For simulations using low-thrust con-

Fig. 16. Initial configuration swarm using e/i vector separation.



trol, the formation is allowed to drift whenever mod(✓, 180o) is
between 45o and 105o. These drift phases are 4.5 days in dura-
tion. The reconfiguration time specified in Table 4 ensures that
�� satisfies the constraint in Eq. (21) before mod(✓, 180o) ex-
ceeds 135o. For simulations using di↵erential drag control, the
reconfiguration time is expected to be equal to the drift time for
a D of 4.5 according to Eq. (73). However, this will only be true
if the controller closely follows the modeled trajectory, which
requires an accurate estimate of the density. In order to allow
some margin for error in the density estimate, the formation is
allowed to drift whenever mod(✓, 180o) is between 45o and 75o.
These windows are each 2.25 days in duration. This allows 4.5
days for the di↵erential drag control law to recover safe relative
motion in the RT-plane.

Each simulation is propagated for ten weeks (approximately
1000 orbits) using a high-fidelity numerical orbit propaga-
tor including all relevant perturbations a↵ecting spacecraft in
LEO.40) The perturbation models used by the propagator are
included in Table 5. The computation sequence used to pro-

Table 5. Numerical orbit propagator parameters.

Integrator Runge-Kutta (Dormand-Prince)
Step size Fixed: 10 sec

Geopotential GGM01S (20x20)41)

Atmospheric density Harris-Priester39)

Third body gravity Lunar and solar point masses,
analytical ephemerides

Solar radiation pressure Satellite cross-section normal to
the sun, no eclipses

duce the ground truth mean ROE used to asses performance of
the control architectures is shown in Figure 17 and described
in the following. First, the absolute position and velocity x of
the mothership and all deputies are numerically integrated using
the described propagator including the maneuvers performed by
each deputy. These position and velocity trajectories are then
converted into osculating orbits. Next, the osculating to mean
transformation described by Schaub42) is applied to the osculat-
ing orbits in order to remove short-period oscillations due to J2.
These mean orbits are used to compute the ground truth mean
ROE.
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Fig. 17. Computation of ground truth reference.

The computation sequence used to compute the commanded
actuation for each deputy is illustrated in Figure 18 and de-
scribed in the following. At each time step, the estimated
absolute position and velocity of the mothership is computed
by adding the previously described absolute state error to the
ground truth. This estimated state is converted to an osculating

orbit, which is then converted to a mean orbit using Schaub’s os-
culating to mean transformation.42) The relative state estimate
for each deputy is computed by adding the aforementioned rel-
ative state noise to the true mean ROE. These absolute and rela-
tive state estimates are used to compute the commanded actua-
tion. For simulations using low-thrust control, the commanded
acceleration is computed every ten seconds. For simulations
using di↵erential drag control, the commanded attitude is only
computed once every five minutes in order to reduce load on the
reaction wheel.
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Fig. 18. Computation of state estimates and control command.

Using the equations derived in the previous sections, it is
possible to produce an a-priori estimate of the delta-v costs as-
sociated with the low-thrust control simulations. In order to
maintain equal orbit energies, the control law must at minimum
negate the average relative acceleration due to di↵erential drag.
The delta-v cost can be estimated by multiplying the average
acceleration computed from Eq. (65) and the simulation time.
For a di↵erential ballistic coe�cient of 0.0004 m2/kg (4% of
Bc) and ⇢̄ taken from Table 4, this produces a delta-v lower
bound of 7 cm/s for the entire ten week simulation. However,
for simulations in which the swarm is allowed to drift, the con-
trol law will have to produce larger maneuvers in order to coun-
teract the drift in ��. From Eq. (59), the required maneuvers
incur triple the delta-v cost of simply counteracting the change
in �a over the drift phase for the specified control duty cycle.
Since the drift and reconfiguration cycles span half of the sim-
ulation duration, the estimated minimum delta-v cost for these
simulations is 14 cm/s. Finally, the drift and reconfiguration pa-
rameters can be estimated using Eqs. (53), (56), (71), and (72).
These estimates are included in Table 6 for a nominal di↵eren-
tial ballistic coe�cient of 4% of Bc.

Table 6. Simulation drift and reconfiguration parameter estimates.

Low-Thrust Control
a�adri f t (m) 17

a��dri f t (km) 5.6
a�arec (m) 17

Di↵erential Drag Control
a�adri f t (m) 8.5

a��dri f t (km) 1.4
a�arec (m) 14

a��rec (km) 1.7



6. Results

The performance of the formation designs and control ar-
chitectures is assessed using the metrics described in the fol-
lowing. The first metric is the minimum separation �r be-
tween any two spacecraft in Cartesian space at any time dur-
ing the simulation. The simulation is considered a success if
the minimum separation is greater than the previously speci-
fied minimum safe separation of 125 m. The second perfor-
mance metric is given by the total delta-v cost �v for simula-
tions using low-thrust control. The actuation cost for di↵eren-
tial drag control is measured by two performance metrics. The
first metric Pmax denotes the largest torque commanded by any
deputy over the complete simulation, which should be less than
1 mNm to satisfy the constraints of the CubeWheel Medium
reaction wheel. The second metric Pmean denotes the largest
mean torque, which is computed for each deputy by integrat-
ing the absolute value of P over the simulation and dividing by
the total time. A high Pmax/Pmean ratio indicates that the atti-
tude controller is operating at a low duty cycle on all spacecraft.
The final performance metrics are the maximum values of a|�a|,
a|��|, and a||�eerr ||2 during the simulation. For simulations of
the high-density swarm formation, the largest values of a|��|
and a||�eerr ||2 should not exceed the 25 m deadband value and
the maximum value of a|�a| should be a few meters or less. For
simulations of the swarm using e/i vector separation, the maxi-
mum values of a|�a| and a|��| are compared to the estimates in
Table 6. The maximum value of a||�eerr ||2 is allowed to exceed
the 25 m deadband during the drift, but should be small relative
to a�esep to ensure su�cient separation in the RN-plane over
the complete drift phase.
6.1. High Density Swarm

The performance metrics for the simulations of the high-
density swarm formation using both low-thrust and di↵erential
drag control are given in Table 7. Both of these simulations
have minimum separations of over 125 m, ensuring collision
free relative motion for the entire swarm. Additionally, both
controllers are able to ensure that �� and �e are within a few
meters of their respective deadbands at all times. The maxi-
mum torque applied by any of the spacecraft is small relative
to the capabilities of the CubeWheel Medium reaction wheel,
demonstrating that the required actuation can be achieved with
minimal agility requirements. Finally, the total delta-v cost for
the low-thrust control law is within a factor of three of the pre-
dicted minimum delta-v cost.

To understand this di↵erence, consider the evolution of the
ROE for all of the deputies over two days of simulation shown
in Figure 19. It can be seen that some of the deputies follow a
limit cycle in �a and ��. In order to follow this trajectory, the
spacecraft must periodically perform equal and opposite ma-
neuvers to reverse the residual drift in ��. Specifically, since
a�a is normally one meter or less, these maneuvers should have
a delta-v cost on the order of 1 mm/s according to Eq. (32).
The total delta-v cost of 19 cm/s is consistent with a single 1
mm/s maneuver performed once every five orbits. However,
even with this limit cycle, the controller could be implemented
for a year before the total delta-v cost per spacecraft exceeds 1
m/s. It can also be seen that the relative inclination vector drifts

Table 7. High-density swarm simulation performance metrics.

Low-Thrust Control
min(�r) (m) 158
�v (cm/s) 19

max(a|�a|) (m) 4.6
max(a|��|) (m) 29

max(a||�eerr ||2) (m) 29
Di↵erential Drag Control
min(�r) (m) 187

Pmax (µNm) 24
Pmean (µNm) 0.65

max(a|�a|) (m) 1.6
max(a|��|) (m) 29

max(a||�eerr ||2) (m) 23

very slowly over the simulation, validating the claim in Sec. 2
that it is constant under the e↵ects of J2 and di↵erential drag
if �a and �ix are zero. Finally, the relative eccentricity vectors
closely follow the passive rotation due to J2.

Fig. 19. ROE evolution over two days for high-density swarm using low-
thrust control.

6.2. E/I Vector Separation Swarm
The performance metrics for the simulations of the swarm

formation based on e/i vector separation using both low-thrust
and di↵erential drag control are given in Table 8. It is evident
from these metrics that both simulations provide a minimum
separation well over the 125 m requirement. Additionally, the
actuation cost metrics for di↵erential drag control are nearly
identical to the metrics for the high-density swarm. It is note-
worthy that the maximum error in the relative eccentricity vec-
tor is significantly larger than the maximum value of �a, which
contradicts the expected behavior due to di↵erential drag. This
error likely derives from the fact that the guidance profile fol-
lows the rotation of the relative eccentricity vector defined in
Eq. (3), which is linearized in separation. Because the largest
nominal a�e for any of the deputies in this swarm is 3600 m,
it is likely that this error derives from the higher-order separa-
tion e↵ects of J2. Nevertheless, even with an error of 105 m
in the low-thrust control simulation, the spacecraft should have



a minimum separation of 190 m when the relative eccentricity
vectors are vertical according to Eq. (31), which is close to the
observed minimum separation of 211 m. Thus, it is clear that
the control laws are robust to small unmodeled perturbations
a↵ecting �e.

Table 8. E/I vector separation swarm simulation performance metrics.

Low-Thrust Control
min(�r) (m) 211
�v (cm/s) 64

max(a|�a|) (m) 36
max(a|��|) (m) 7.7

max(a||�eerr ||2) (m) 105
Di↵erential Drag Control
min(�r) (m) 280

Pmax (µNm) 24
Pmean (µNm) 0.82

max(a|�a|) (m) 17
max(a|��|) (m) 2.8

max(a||�eerr ||2) (m) 50

Also, there are significant di↵erences between the reconfigu-
ration parameters and their predicted values. Additionally, the
total delta-v cost is significantly larger than both the estimate
from the duty cycle of the controller and the cost from the high-
density swarm simulation. This is noteworthy because it is ex-
pected that the drift phases would reduce the number of ma-
neuvers performed during the simulation, reducing the delta-v
cost incurred by uncorrelated maneuver execution errors. In
order to interpret these results, it is necessary to consider the
transient behavior of �a and �� during the drift and reconfigu-
ration phases. The evolution of these state components during
the low-thrust control simulation for the deputy with the largest
di↵erential ballistic coe�cient is shown in Figure 20. In this
figure, the top plot shows the behavior during the drift and re-
configuration phases and the lower plot shows a close-up of the
behavior near the deadband. This plot exhibits two interesting
properties. First, the path traced out by the deputy is qualita-
tively similar to the modeled path shown in Figure 11, validat-
ing the modeling assumptions. Second, the maximum value of
�� for each of the free drift phase varies by up to 30%. This
suggests that the mean density over the orbit is changing over
the simulation due to the precession of the orbit due to J2 and
the e↵ect of solar motion on the diurnal bulge.

This plot can also be used to explain the di↵erences between
the predicted and observed performance metrics. First, because
a�a is between 10 and 20 m at the end of the drift phases
(parabolas at the bottom of the plot), the model described in
Eq. (56) suggests that the value of a�a after the first maneuver
should be 10 to 20 meters, but the simulation shows values of 20
to 30 meters. This di↵erence is caused by the navigation errors
in the state estimates used to compute the commanded accel-
eration. Specifically, when a�a is within 5 m of the switching
line of the control law, the navigation errors will occasionally
produce state estimates that result in a commanded maneuver.
However, when a�a is at least 10 m from the switching line,
these events become very rare. This 10 m overshoot in the ma-
neuver is consistent with the observed results. Additionally, re-
call that the total delta-v cost is proportional to the change in �a

Fig. 20. State space trajectory of �a and �� using low-thrust control.

produced by the maneuvers. As a result of the increased maneu-
ver size due to the relative navigation errors, the change in a�a
produced by the reconfiguration maneuvers over the simulation
(length of the vertical lines in the top plot) is larger than 500 m,
which corresponds to a delta-v cost of 25 cm/s according to Eq.
(32). This is already larger than the total delta-v cost from the
high-density swarm simulation. Also, it can be seen from the
close-up plot that the control law has a tendency to overshoot
the deadband by up to 100 m, then spiral towards the origin.
This overshoot can be attributed to the modulation produced by
the control law for the relative eccentricity vector. Specifically,
after a deputy crosses the switching line, it may have to wait up
to half an orbit before a maneuver can be performed with a fa-
vorable e↵ect on �e. From the relationship between �a and the
drift rate of �� in Eq. (34), this spiraling behavior requires a ma-
neuver to be performed nearly every orbit until �a and �� reach
the steady-state limit cycle shown in Figure 19. It follows that
the number of maneuvers performed in this simulation is actu-
ally larger than the number of maneuvers in the high-density
swarm simulation. Additionally, the change in a�a produced by
these maneuvers is several times larger than that of the maneu-
vers in the steady-state limit cycle, so the remaining delta-v cost
can be attributed to the maneuvers performed during this spiral-
ing phase. Overall, the increased delta-v cost can be attributed
to the e↵ect of navigation errors on the reconfiguration maneu-
vers and the subsequent maneuvers required to stabilize �a and
�� within the deadband. However, the total costs are still much
less than 1 m/s per month for all spacecraft in the swarm. The
Busek BET-100 thruster has a delta-v capacity of 40 m/s for a
4.5 kg CubeSat, allowing this control architecture to be used for
several years.

It is also interesting to consider the evolution of �a and ��
over time. These components are plotted with respect to ✓ in
Figure 21. Because the drift and control periods are periodic,
✓ serves as an analog for time because the relative eccentricity



vectors of all deputies rotate due at the same rate due to J2.
Furthermore, the equations that govern the minimum separation
in the RN-plane (Eqs. (10) and (31)) are explicit functions of ✓.
In particular the x-axis on this plot takes the modulus of ✓ and
180o to allow the drift and reconfiguration phases to be directly
overlaid. In the red region, the minimum RN-plane separation
is known to be less than 125 m according to Eq. (10), requiring
the control law to ensure separation in the RT-plane. In the
orange region it is possible that adjacent spacecraft may have
insu�cient RN-plane separation according to Eq.(31) if their
respective positions in the deadband are poor. Outside of these
regions, the minimum RN-plane separation is guaranteed to be
at least 125 m. The green region indicates the drift phase of
the swarm and the reconfiguration phase occurs in the white
region. It can be seen that the control law is able to constrain
�� to within the deadband well in advance of when the RN-
spane separation constraint is violated. This is largely caused
by the increased maneuver size due to the relative navigation
errors. The increased relative semimajor axis causes �� to drift
back to the deadband faster than predicted. Additionally, it can
be seen that the rate of change of �a during the drift periods
varies over the simulation. Since the ballistic coe�cient of the
spacecraft is constant and the change in the semimajor axis over
the simulation is small, this variation must be due to changes in
the atmospheric density.

Fig. 21. Evolution of �a (top) and �� (bottom) vs ✓ for low-thrust control.

Next, consider the trajectory followed by �a and �� for the
deputy with the largest di↵erential ballistic coe�cient during
the di↵erential drag control simulation as shown in Figure 22.
The shape of the trajectory over the drift and reconfiguration
phases is similar to that shown in Figure 13. Additionally, the

drift and reconfiguration cycles have di↵erent sizes due to the
varying atmospheric density over the simulation.

Fig. 22. State space trajectory of �a and �� using di↵erential drag control.

To characterize the transient performance of the controller,
these components are plotted against ✓ in Figure 23. Recall that
a change in ✓ of 30o corresponds to an elapsed time of 2.25
days. Additionally, according to Eq. (73) the reconfiguration
time should be equal to the drift time for a D of 4.5. However,
it can be seen in Figure 23 that the control law only reliably
converges before ✓ is approximately 120o. At this point, the
control law has been engaged for 3.4 days. This di↵erence can
be attributed to both the varying density over the simulation and
variations in the density over a single orbit due to the diurnal
bulge. Specifically, if the control law for the relative eccentric-
ity vector only allows maneuvers to be performed in a region of
low density, di↵erential drag maneuvers will not be as e↵ective
as predicted. This can cause an increase in the reconfiguration
time.

Fig. 23. Evolution of �a (top) and �� (bottom) vs ✓ for di↵erential drag
control.



The simulations for the di↵erential drag control law were
repeated using density estimates of half and double the value
specified in Table 4. Both of these simulations have minimum
inter-spacecraft separations of 280 m. The remainder of the
performance metrics are not significantly di↵erent from those
of the nominal case. The main di↵erences in these simulations
appears in the transient behavior of �a and ��. First, consider
the plots of �a and �� for the simulation with underestimated
density shown in Figure 24. There are three main di↵erences
between these plots and those in Figure 23: 1) the maximum
value of �a during the reconfiguration is slightly reduced, 2) the
time required to reach zero �� is increased, and 3) overshoot
in �� is nearly eliminated. These e↵ects can be interpreted as
follows. Because the control law underestimates the density,
maneuvers are often more e↵ective than predicted. Addition-
ally, the switching line for the control law will constrain �a to
smaller values. As a result, the trajectory will remain close to
the switching line shown in Figure 12 and will not overshoot
the deadband.

Fig. 24. Evolution of �a (top) and �� (bottom) vs ✓ for di↵erential drag
control with underestimated density.

Next, consider the plots of �a and �� for the simulation with
overestimated density shown in Figure 25. There are two main
di↵erences between these plots and those in Figure 23: 1) the
maximum value of �a during the reconfiguration is increased,
and 2) the controller always overshoots the deadband, result-
ing in an increased convergence time. These behaviors can be
interpreted as follows. Because the controller overestimates the
density, maneuvers are often less e↵ective than expected. Addi-
tionally, the switching line for the control law allows for larger
values of �a closer to the deadband. As a result, the controller
is unable to follow the switching line and regularly overshoots

the deadband, requiring multiple maneuver cycles to converge.
However, the controller is able to converge to the deadband be-
fore the conservative RN-plane separation condition is violated
in all of these simulations. It is therefore clear that selecting a
conservative reconfiguration time for the hybrid passive/active
control architecture provides robustness to atmospheric density
modeling errors.

Fig. 25. Evolution of �a (top) and �� (bottom) vs ✓ for di↵erential drag
control with overestimated density.

Overall, these results show that the proposed swarm designs
are able to provide safe and bounded relative motion to swarms
of tens of spacecraft for weeks or longer with minimal actua-
tion. Additionally, the actuation requirements can be met with
either low-thrust or di↵erential drag control. The delta-v costs
associated with the low-thrust controller are low enough to al-
low such a swarm to operate for years in LEO using current
COTS CubeSat thrusters. Furthermore, the ability to use dif-
ferential drag control suggest that a swarm mission could be
deployed on spacecraft that are only equipped with attitude
control, dramatically reducing mission costs and allowing ex-
tremely long mission lifetimes.

7. Conclusion

Future missions using spacecraft swarms will require guid-
ance and control systems that are more e�cient with respect
to computation and propellant costs than those currently avail-
able in literature. To meet this need, this paper presents a
new guidance and control methodology for spacecraft swarms
based on relative orbital elements. The main contribution of
this paper is a means of generalizing the flight-proven tech-
niques used to design and control binary formations to accom-



modate a large number of spacecraft. Using this approach, for-
mation designs and control architectures are found that ensure
safe and bounded relative motion of a swarm in orbits perturbed
by both J2 and di↵erential drag at minimum actuation and com-
putation cost. In particular, linear constraints that ensure pas-
sively bounded relative motion in J2-perturbed near-circular or-
bits are derived from a recently derived state transition matrix
for spacecraft relative motion. Additionally, a formation design
is found that generalizes the eccentricity/inclination vector sep-
aration concept to an arbitrary number of spacecraft. This for-
mation ensures passively safe relative motion for multiple days
under the e↵ects of both J2 and di↵erential drag. Furthermore,
a technique for ensuring collision avoidance between all space-
craft in a swarm including uncertainty at low computational cost
is presented. Finally, e�cient control laws are derived that can
be implemented using low-thrust or di↵erential drag control.

The performance of these formation designs and control ar-
chitectures is validated through implementation in a simulated
mission scenario. These simulations demonstrate that all of the
proposed designs are able to provide safe and bounded rela-
tive motion to a large number of spacecraft in close proximity
at minimal actuation and computation cost. In particular, the
delta-v cost per spacecraft of using the low-thrust control law
is only 19 cm/s for a ten week simulation at an altitude of 450
kilometers. Additionally, allowing periodic drifts covering one
third of the simulation time for the formation based on eccen-
tricity/inclination vector separation results in a delta-v cost of
65 cm/s. The increased delta-v cost is due to the e↵ect of rel-
ative navigation errors on the reconfiguration maneuvers and
a set of additional maneuvers that is required to stabilize the
state within the deadband of the control law. Nevertheless, these
costs suggest that mission lifetimes of years are feasible using
current commercially available thrusters for CubeSats. Addi-
tionally, simulations using di↵erential drag control show that it
is possible to control a swarm of spacecraft equipped with only
attitude actuators. Such a swarm would reduce costs as com-
pared to swarm designs that require thrusters and allow longer
mission lifetimes

However, the models presented in this paper are subject to
three main limitations. First, only the J2 and di↵erential drag
perturbations are considered, so these models are only applica-
ble to swarms in low earth orbit. Second, the employed dynam-
ics model uses an approximation of the secular and long-period
e↵ects of J2 that is linearized in separation. As a consequence,
the specified guidance profile deviates from the observed pas-
sive relative motion at separations on the order of kilometers.
While simulation results show that the control law is able to
correct for this di↵erence, a more sophisticated guidance pro-
file may be required for swarms spanning a larger area. Third,
the analytical constraints derived in this paper are only valid for
near circular orbits. Future works will apply these techniques to
eccentric orbits and include other perturbations, allowing safe
and e�cient operation of spacecraft swarms in a wide range of
orbit regimes.
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