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Abstract
Near-Earth asteroids (NEAs) pose potential threats to Earth because their size and trajectory
are difficult to predict. Close approaches of small NEAs which may cause local damage have
been reported frequently, drawing both public and academic interest. In light of this, a
trajectory simulation tool (PAT2) has been developed to predict future NEA positions. Lightweight and open-source, PAT2 is best suited for educators to help students understand the
problem of predicting asteroid trajectories. This paper describes the process of developing
PAT2 and discusses some case study results.
Keywords: asteroid trajectory, N-body problem, relativistic effects, machine learning, neural
network.
Introduction
A potentially hazardous object (PHO) is a near-Earth asteroid or comet whose size and orbit
may cause damage to Earth. The Chelyabinsk event (2013) caused 1,500 injuries, exemplifying the level of regional damage from an asteroid as small as 20 meters in diameter. These
small asteroids, “city killers,” are much more common than extinction-class asteroids whose
last impact with Earth was 65 million years ago [1, 2]. An education tool (PAT2; propagator
for asteroid trajectory tool) has been developed to help students to learn how to predict the
trajectories of dangerous asteroids.
N-body Problem
The N-body problem in astronomical dynamics is chaotic, meaning that small perturbations in
initial conditions lead to unpredictable and enormous changes of the system after long-term
integration. Equation 1 presents a typical N-body problem amongst celestial bodies, where µj
is the standard gravitational parameter, the product of the gravitational constant G with the
mass of the body mj. The point mass acceleration is given by the sum of contributions from
the other N−1 objects, inversely proportional to distance rij=|rj−ri|=|rij|.
𝒓̈ 𝑖 = ∑𝑁
𝑗≠𝑖

𝜇𝑗 (𝒓𝑗 −𝒓𝑖 )
3
𝑟𝑖𝑗

(1)

If relativistic effects are considered, Eqn 1 must be modified to include additional terms
derived from a linearized mass tensor [3]. Equation 2 shows these terms containing the speed
of light (c) and is called the Einstein–Infeld–Hoffmann equation [4]. Symbols β and γ are
parameterized-post-Newtonian parameters whose values are 1 in general relativity [5].
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A total of fifteen bodes (N=15) are considered in this study: the Sun, eight planets, Pluto, the
Moon, the “Big 3” asteroids (Ceres, Pallas and Vesta) and our asteroid of interest. Only the
top three asteroids are considered for simplicity, but increasing the number of main-belt
asteroids can help enhance the accuracy and quality of solutions; for example, at least four
largest asteroids are needed to precisely simulate the trajectory of Mars.
Methods
Initial Value Problem
The EIH equation needs to be reformulated as an initial value problem (IVP) for numerical
integration. Equation 2 is first divided into initial conditions and equations of motion of a
state (y) as seen in Eqn 3. The state here is a vector consisting of 90 elements that are velocity
and position components of fifteen celestial bodies in Cartesian coordinates. The initial
position and velocity data is obtained from the JPL HORIZON website.
𝑦(0) = 𝑦0
{ ′
(𝑡)
𝑦
= 𝑓(𝑡, 𝑦(𝑡))

(3)

With Eqn 3, the state at any time may be calculated as shown in Eqn 4 where h is the time
step. Integration over this time step is subject to numerical errors if the celestial by speeds up
or accelerates near the Sun. To achieve higher efficiency and accuracy than Runge-Kutta’s
methods, many software packages employ multistep methods such as Adams-BashforthMoulton (ABM) method to solve ordinary dfferential equations. The higher the ABM order is,
the more previous results are used to improve accuracy step. Equation 5 presents the AdamsBashforth predictor step and the Adams-Moulton corrector step, both with the 5th order [6].
𝑡 +ℎ

𝑦𝑛+1 = 𝑦(𝑡𝑛 + ℎ) = 𝑦(𝑡𝑛 ) + ∫𝑡 𝑛
𝑛

𝑓(𝜏, 𝑦(𝜏))𝑑𝜏

(4)

ℎ

𝑦̃𝑛+1 = 𝑦𝑛 +
{1901𝑓(𝑡𝑛 , 𝑦𝑛 ) − 2774𝑓(𝑡𝑛−1 , 𝑦𝑛−1 ) + 2616(𝑡𝑛−2 , 𝑦𝑛−2 ) − 1274(𝑡𝑛−3 , 𝑦𝑛−3 ) + 251𝑓(𝑡𝑛−4 , 𝑦𝑛−4 )}
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{
ℎ
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𝑦𝑛+1 = 𝑦𝑛 +
720

(5)

MATLAB Implementation
The above-mentioned IVP was implemented in MATLAB widely used in engineering
education. Its built-in function, ode113, is a multistep non-stiff ODE solver with variable
orders between 1 and 13. A graphic user interface has been implemented to facilitate usage,
and the codes may be distributed as executable files or web applications as well.

Fig. 1: Graphic user interface of HFOP.
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Results
To benchmark HPOF, the following four asteroids were chosen from NASA's Sentry Table
which lists potentially hazardous asteroids: Apophis, Icarus, 2007FT3, and 2009VZ39 [7].
Their orbit properties and physical attributes are summarized in Table 1 and Fig 2 [8-10].
Table 1: Physical and orbital properties of asteroids.
Property
Diameter (m)
Mass (kg)
Orbital Period (yr)
Semi-major axis (AU)
Eccentricity
Inclination (deg)

Apophis
370
6.1 × 1010
0.89
0.922
0.191
3.3

Icarus
1440
1.0 × 1012
1.12
1.078
0.8369
22.86

2007 FT3
340
5.5 × 1010
1.2
1.128
0.307
26.83

2009 VZ39
9
1.3 × 106
1.81
1.483
0.3824
2.52

Fig. 2: Orbits of select asteroids in the Solar System.
Apophis
Apophis was once thought to have a high impact probability in 2029 (around 2.7%) when it
was first discovered in 2013. Because of its 325-meter diameter, Apophis would survive an
atmospheric entry if it were on an Earth-colliding course. Furthermore, it has frequent close
approaches with the Earth because they have similar orbit inclination angles relative to the
Sun’s equator. The minimum orbit intersection distance (MOID) between the two is only
98,652 km, roughly twice fathere from Earth than geostationary satellites.

Fig. 3: Errors of Apophis position calculated by HPOF.
The discrepancy between the HFOP solution and the HORIZONS solution is not monotonous
but oscillatory as depicted in Fig. 3. The oscillation period is equal to the revolution period of
324 days. Figure 3 (right) illustrates coordinate-wise errors in Apophis’ position. The
contribution from the z component is significantly smaller than x and y components because
the asteroid orbit lies almost in the xy plane (ecliptic plane). The maximal error over the 10
year timespan is less than 500 km, satisfying the performance requirement.
Icarus
Icarus has high orbit eccentricity (0.8369) and inclination angle (22.68 degrees), being also
the first asteroid observed with radar reflection imaging. The numerical error exceeds the
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target value of 1,000 km at peaks, appearing every 408 days which is Icarus’ orbital period.
Figure 4 shows the x, y and z contributions to the position error. We can observe that the zcomponent is almost the same as the y-component, unlike Apophis, because Icarus’ orbit is
more inclined with respect to the solar equator than Apophis. The locations where the peaks
occur correspond to where Icarus is closest to the Sun and moving the fastest. On the other
hand, the error is zero when the asteroid is farthest from the Sun and moving the slowest.

Fig. 4: Errors of Icarus’ position calculated by HPOF.
2007 FT3
Asteroid 2007FT3 has the highest orbit inclination angle (26.83 degrees) among four asteroids
considered in this study, with its size and mass similar to Apophis. As shown in Fig. 5, the
time-series of position errors has combined characteristics of Apophis and Icarus. Like Icarus,
2007FT3 has a large inclination angle and the z component of position errors is no longer
negligible; the peaks are smooth whose patterns are similar to Apophis.

Fig. 5: Errors of 2007FT3’ position calculated by HPOF.
2009 VZ39
With a small diameter of 9 m, 2009VZ39 cannot survive the atmospheric entry to reach the
Earth surface. Nevertheless, 2009VZ39 is on the NASA Sentry List because of possible
damage due to atmospheric explosion. Its position errors exhibit patterns analogous to those
of 2007FT3 with larger amplitudes.

Fig. 6: Errors of 2009VZ39’s position calculated by HPOF.
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Summary and discussion
Figure 6 presents trade-offs between tolerance and runtime. While the error stops decreasing
after certain limits (right), runtime keeps on increasing as tolerance requirement is
strengthened (left). Thus optimal tolerance has been identified for each asteroid, as
summarized in Table 2. It can be observed that asteroids with high inclination or eccentricity
tend to yield more errors or runtime. Since MATLAB is general purpose software, it takes
more computation time than tools using Java or FORTRAN. However, PAT2 was written
with fewer than 1000 lines of codes, which was made possible by using built-in functions.

Fig. 6: Runtime and error dependencies with respect to tolerance.
Table 2: Summary of runtime and accuracy of case studies.
Property & Performance
Eccentricity
Inclination (deg)
Tolerance (log10)
Max error (km)
Runtime (min)

Apophis
0.191
3.3
-6
489
11.3

Icarus
0.8369
22.86
-9
2500
28.5

2007 FT3
0.307
26.83
-5
599
9

2009 VZ39
0.3824
2.52
-4
2000
6.8

The periodic patterns of position errors may be exploited, if available, to further calibrate and
compensate for compensation (Icarus, 2007FT3, and 2009VZ39). Figure 7 depicts an attempt
to predict irregular patterns of Apophis position errors using neural networks [11]. In the
figure, the first 300 data points are used for training, based on which time-series predictions
are made until the 500th points. Once this feature is fully implemented in PAT2, it may also be
possible to use much simpler Newtonian equations rather than EIH equations to boost up the
orbit computation speed. The resulting errors can then be corrected with a neural network.
Eventually, PAT2 may be useful for teaching machine learning to students as well.

Fig. 7: Prediction of Apophis position errors using MATLAB neural network tool.
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Conclusion
A trajectory simulation tool has been developed to predict future positions of near-Earth
asteroids (NEA). Named PAT2, this tool is suitable for education purposes owing to its simple
implantation. In the follow-up work, the accuracy should be enhanced by incorporating more
main-belt asteroids in the model and non-gravitational effects such as solar radiation pressure.
Periodic or chaotic errors may also be calibrated using machine learning techniques, helping
students to learn the subject matter. Benchmarking PAT2 with NASA’s GMAT in asteroid
exploration (or deflection) missions would serve as a great case study [12].
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